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THE TENTH CONFERENCE OF THE INDIAN 
MATHEMATICAL SOCIETY 


The Tenth Conference of the Indian Mathematical Society met in Lucknow 
on the 15th, 16th, and 17th of March 1938. under the auspices of the Lucknow 
University. 

The Address of Welcome to the delegates of the Conference was read by 
Dr. R. P. Paranjpye. Vice-Chancellor, Lucknow University, on the evening of 
the 15th March. The Conference was then inaugurated by the Hon’ble Pandit 
Govind Vallabhai Pant, Premier of the United Provinces. The Secretary of 
the Society, Dr. Ram Behari, then read the Report of the Society for the years 
1936 - 38 - The Inaugural Address was then delivered by Dr. R. Vaidyanatha- 
swami, Reader in Mathematics in the Madras University and Hony. Joint 
Secretary of the Society. 

At 5-30 p.m. Dr. R. P. Paranjpye was at home to the delegates and to the 
members of the Reception Committee. 

At 6-30 l’.M. the Hon’ble Justice Sir Shah Sulaiman, Judge of the Federal 
Court, Delhi, delivered a popular lecture on “ The Theory of Gravitation.” 

On Wednesday the 16th March, the session commenced at 1-30 P.M. and 
was devoted to the following Symposium Lectures : 

Sir Shah Sulaiman: On his own modification of Einstein’s Equations. 

Dr. A. C. Banerji: Shapes of Nebulae 

Dr. V. V. Narlikar: Gravitational Situations 

Dr. T. Vijayaraghavan : Tauberian Theorems 

Dr. F. W. Levi: Permutations of enumerable aggregates. 

At 5-30 P.M. Prof. J. A. Strang, Head of the Mathematics Department, 
Lucknow University, was “ at home ” to the delegates and members of the 
Reception committee. 

An hour later Dr. A. C. Banerji, Head of the Mathematics Department, 
Allahabad University, delivered a popular lecture on " Stars and Galaxies ” 

On Wednesday the 17th March, a discussion on the teaching of 
Mathematics in Schools and Colleges commenced at 10*30 A.M. 
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This was followed by a business meeting of the members of the Indian 
Mathematical Society to consider suggestions regarding the efficient working of 
the Society. 

The Reading of papers was taken up in the afternoon. 

At 5-30 p.m. the Reception Committee was “ At Home ” to the Delegates. 

The popular Lecture for the evening was delivered by Dr. T. Vijayaraghavan. 

The conference dissolved on the evening of Thursday 17th March after a 
hearty vote of thanks to the Chairman and members of the Reception Committee, 
to the hosts at the several “ at homes”, to those who had delivered the popular 
and Symposium lectures and to the volunteers who had helped in the arrangement 
of, what was acknowledged on all hands, as a very successful session of the 
Indian Mathematical Conference. 

Reception Committee 

Chairman 

Dr. R. P. Paranjpye, M.A., u.sc., D.sc, Vice-Chancellor, 

Lucknow University. 

Vice-Chairman 

Prof. J. A. Strang, M.A., B.sc., Head of the Mathematics Department 
Lucknow University. 

Secretaries 

Dr. A. N. Singh, M.sc., o.sc., Lucknow University. 

Prof. N. N. Bose, M.sc., Lucknow University. 

Treasurer 

Dr. Lakshmi Narayan, M.A., D.sc., Lucknow University. 


WELCOME ADDRESS 

By 

Dr. R. P. Paranjpye, Vice-Chancellor, Lucknow University. 

Gentlemen : I have very great pleasure in welcoming you to Lucknow 
for the first time for this session of the Indian Mathematical Conference, and 
I trust that your short stay here will be comfortable and useful. The city of 
Lucknow is perhaps the most beautiful in the whole country, and although 
perhaps it cannot boast of an antiquity like Delhi or Benares, it has played a 
prominent part in the history of India during the last two hundred years. Some 
of Its monuments and buildings will amply repay a visit, even from mathe¬ 
maticians. 

Z The University of Lucknow has only a short history and although it 
cannot claim any veTy large share in the advance in our science that is going 
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on throughout the country, I hope that this visit will encourage us to take our 
proper share in the development of Mathematics. As in other Universities this 
subject is taught here up to the M. A. and M. Sc. standards, and we have 
produced a certain number of students with very good academic record. A few 
have been engaged on mathematical research and have published a certain num¬ 
ber of papers, and I have every hope that the distinction which the University 
has gained in several other branches of learning will also be soon attained in 
this branch of Mathematics. 

3. Lucknow has been famous in India as the centre of Islamic culture, 
and although this culture is more in the direction of poetry and letters, still it 
cannot be forgotten that in ancient days Mathematics formed a prominent part 
in the history of Hindu and Muslim civilisations. The Arabs, as is well known, 
formed the connecting link between the Mathematics of the Greeks and the 
Mathematics of Ancient India, and several Sanskrit works on Mathematics be¬ 
came first known to European scholars through the medium of translations of 
Arabic renderings of Sanskrit works. It is not, I hope, too much to expect 
that the present-day culture of Lucknow will be amplified by the addition of 
mathematical and scientific studies. 

4. It is not possible in this welcome address to speak about any abstruse 
branch of Mathematics, and your subsequent sittings and the lectures arranged 
will give you ample opportunities of discussing such matters. The Indian 
Mathematical Society has been doing its best to promote Mathematical studies 
for over twenty-five years by maintaining a Library and publishing its journals. 
This work ought, of course, to be continued and extended. But if an IndiaH 
Mathematical Society is to have any special feature which it is the only compe¬ 
tent body to develop, I would respectfully urge that it is in the direction of a 
detailed study of ancient Indian and Arabic literature in Mathematics. During 
the last one hundred years many scholars have studied this part of the history 
of Mathematics, and books on the History of Mathematics like those of 
CANTOR and BALL devote certain chapters to this subject. But I have al¬ 
ways felt that a systematic plan for this purpose is required, and if this Soci¬ 
ety can formulate that plan and work it strenuously, it will be a great feather 
in its cap and will, moreover, fill an important niche in the history of our sci¬ 
ence. A member of the Mathematical staff of this University has, in collabora¬ 
tion with another scholar, published the first volume of the History of Indian 
Mathematics, and I understand that the second volume is soon going to be 
published. I congratulate the authors on this work, and hope that they will carry 
it to completion in a short time. I would, however, very much like to see that 
most of the material for such a history is properly published so as to be avai¬ 
lable for future workers in the same subject. As is well known, most of the 
works of the Greek mathematicians are available to the students of the history 
of Greek mathematics. I should like the same thing in the case of Indian and 
Arabic mathematics. For this purpose various important works in these langu¬ 
ages should be published containing their text, extract^ from commentaries cm 
them, their translations, and notes. For bringing out such editions, 
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the editors should be competent scholars of the languages concerned as 
well as students of Mathematics. Perhaps, it may not be possible to get many 
people with this double qualification, and each work might have to be the 
result of collaboration between two authors, one of whom would be a Sanskrit 
or Arabic scholar and the other a mathematician. But with the large number 
of Universities in this country it should not be difficult to get a sufficient 
number of interested people to undertake this work, which ought to be mainly a 
labour of love. The editors will have, probably, to do the work without much 
remuneration. But the expenditure of publishing these editions should be 
borne by bodies like the Universities, learned Societies, and even perhaps, by 
Governments in the country. Each volume will probably require not more than 
three or four thousand rupees, and if two or three volumes are brought out 
every year, in a few years India will have carried out a work of supreme 
importance to the History of Mathematics, and have repaid its duty to its 
ancient savants. I do hope that this Society will take the lead in the matter and 
put itself into touch with other bodies for drawing up a plan for this work. 
Perhaps, the project I have mentioned may not appear to be exactly within the 
range of the Indian Mathematical Society, but I have always held the view that 
the study of the history of a subject ought to be an integral part of the study of 
that subject itself. 

5. I do not propose to delay you any longer. It is a very great pleasure to 
me to welcome you all here, and in particular to welcome the Hon’ble Pandit 
Govind Ballabh Pant, the Pnmier of the United Provinces, who has kindly 
consented to inaugurate this Conference. Mathematics, perhaps, does not 
come exactly within the purview of a busy politician and administrator, 
although even he cannot utterly neglect the subject which has a large bearing on 
such practical branches of administration as Economics, Statistics, Life 
Insurance, etc. But no one who has the interest of the people at heart can 
neglect such an essential avenue of culture as Mathematics. It has always 
occupied a prominent place in the educational system of every country in the 
world and will continue to do so in future, in spite of occasional remarks about 
the alleged waste of time in the study of such a barren subject as Mathematics. 
If the people of a country are to be properly educated, we claim for Mathe¬ 
matics an essential rfile in that education. I therefore have great pleasure in 
requesting the Hon’ble the Pandit to inaugurate the Conference. 


Message from the Minister of Education, United Provinces 


Dear Dr. Singh, 


Ministry of Education, United Provinces, 
Lucknow. 

March 14 , 1938- 


I-should have very much liked to be present at the forthcoming conference 
of the .Indian Mathematical Society, but I very much regret to say that I have 
to be out of station during the days the Conference will be in session. I have 
been a humble student of Mathematics having had the privilege of being a 
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student of the late Dr. Ganesh Prasad, and try to keep myself in touch, with 
what success it is not for me to say, with the latest advances in the Science. It 
is a matter of sincere gratification to me that India’s contribution to this 
branch of Science, a contribution which the world has a right to expect 
from us, looking to our past, is increasing both in volume and quality as the 
years pass. 

I wish the Conference every success. 

Yours sincerely, 

Dk. A. N. Singh, m.sc., d.sc., Sampurnanand. 

Secretary, Reception Committee, 

Indian Mathematical Society, 

Lucknow University. 


Secretary’s Report for the Period December 1935 
to March 1938 

BY 

Dr. Ram Behari, m.a., Ph.D. Hony. Secretary. 

Mr. President, Ladies and Gentlemen : 

1. On behalf of the Managing Committee of the Indian Mathematical 
Society, 1 have the proud privilege to extend to you all, a hearty welcome to 
this Conference. We are profoundly grateful to the members of the Society and 
to other distinguished mathematicians, who have come from all parts of the 
country to attend this Tenth Conference of our Society, which is intended to 
promote the advancement of Mathematical study and research. We are equally 
grateful to the many citizens of this historic city of Lucknow, who have res¬ 
ponded to our invitation by gracing this occasion with their presence. 

We are specially grateful to you, Sir, for the trouble you have taken, 
inspite of your multifarious duties to come to inaugurate our deliberations. 

Lastly I take this opportunity of giving expression to the grateful thanks 
of the Society to the various Local Governments, Native States, Universities 
and Institutions for the facilities they have granted to their officers to enable 
them to attend this Conference. 

2. First of all it is my painful duty to record the heavy loss which the 
Society has sustained in the deaths of: 

(i) V. Ramaswami Aiyar, M.A., who founded the Society in 1907 and 
rendered valuable services in various capacities; who was a great source of 
inspiration to our younger members, and whose love and devotion to the 
subject is embodied in the large number of interesting papers, notes and 
questions, that have appeared in our Journals. Those who attended the last 
Conference held at Delhi must be remembering him welL 
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(ii) Dewan Bahadur R Ramachandra Rao, b.a., an ex-president of the 
Society for two years (1915-1917), who was instrumental in discovering and 
helping the late Srinivasa Ramanujan, f.r.s. 

(iii) Rao Bahadur S. Narayana Iyer, M.A., who was an enthusiastic 
member of the Society from its very inception, Assistant Secretary ( 1907 - 1910 ) > 
Honorary Treasurer (1914-1928); It was he who helped in securing Ramanujan 
a post in the Port Trust Office which gave him facilities to continue his 
research 

(iv) Prof. V. B. Naik, M.A. of Fergusson College, Poona, Honorary 
Assistant Librarian (1907-1922); Honorary Librarian (1922-1937), through whose 
selfless work and paternal care the Library of the Society grew considerably. 

(v) Prof. S. Mukhopadhaya, M.A., Ph.D. of Calcutta University, who took 
an active interest in the affairs of the Society, and was a member of the Manag¬ 
ing Committee at the time of his death. 

3. Turning to routine matters, during the time that has elapsed since we 
last met at Delhi in December 1935, about 30 new members have been enlisted, 
including one Life Member. Prof. G. N. Watson, Prof. E. H. Neville and 
Dr. Vaidyanathaswamy have during this period kindly accepted our invita¬ 
tion to be enrolled as Honorary Members of the Society. 

4. The Society continues to publish two journals, each of which appears 
four times a year. The first, which retains the appellation, the ‘ Journal of the 
Indian Mathematical Society,’ publishes only original papers and caters for 
the needs of workers in the field of advanced Mathematics. It is under the 
fostering care of Dr. Vaidyanathaswami of the Madras University. The other 
one under the title ‘The Mathematics Student ’ is edited by Prof. A. Narasinga 
Rao of the Annamalai University and meets the requirements of Students 
and Teachers of Mathematics in Colleges, and of young research workers. 

5. The Library of the Society is flourishing under the care of Prof. 
R. P. Shintre and Prof. D. D. Kosmbi, both of the Fergusson College, Poona. 
A most welcome feature is the increase in the number of journals received in 
exchange. In 1933, their number was only 29, while now it has gone up to 62. 
This change has been brought about by the efforts for our Librarians and the 
co-operation of various mathematicians abroad. In particular, we acknowledge 
our gratitude to Prof. Tullio Levi-Civita of the University of Rome, who gave 
a great deal of his precious time and used all his influence in having the 
Rend conti of the Lincei Academy exchanged with our publications. 

The number of journals subscribed by the Library has also increased 
appreciably. Some important publications like the Mathematische Zeitschrift, 
Zentralblatt fur Mathemalik, Composite Mathematica, have been recently added 
to the list. 

Due to the increase in the number of journals, the space which the Library 
Hail of the Fergusson College could afford, proved insufficient for the needs of 
the Library. The books were, therefore, shifted to a room on the ground floor 
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of the same building, open steel shelves extending up to the ceiling were 
specially constructed, and space has been provided not only for the journals 
in stock, but also for those likely to come in for several years more. 

6. Regarding the circulation of journals, I take this opportunity of solicit¬ 
ing the co-operation of the members who wish to take advantage of the circula¬ 
tion privilege in making this part of the work of the Library free from delays, 
mistakes and losses. 

7. With regard to the financial position of the Society, every year several 
members are taking advantage of the reduced rate of life composition to 
become life members, with the result that the annual income from ordinary 
membership fees is gradually going down. The Managing Committee hopes 
that with the willing co-operation of all the members, the deficit will be made 
up by enlisting new members, by persuading members in arrears to pay up 
promptly, and by enlisting more institutional subscribers for the journals. So 
far the Government of India have not seen their way to grant us the financial 
assistance sought from them. The Committee hopes that in view of the 
Society’s pressing needs for the housing and funds for the library, the 
Government of India and the Universities will come to our aid by making 
suitable annual grants. 

8. This Conference should in the usual course have been held during the 
last Christmas, which perhaps, would have suited our members, especially those 
from the South better, but in view of the Session of the Indian Science Congress 
early in January, it was not considered suitable by our hosts. It will serve to 
show the interest evinced by our Members in these periodical Conferences if I 
mention that the number of papers has grown steadily from 13 read in the first 
Conference held at Madras, to 40 in the last Conference held at Delhi. This 
time, the number of papers contributed is even more. We have also been able 
to arrange Symposium lectures on different research topics. 

9. In conclusion, the Committee, once again, takes this opportunity to 
express its feelings of thankfulness for the trouble taken by you, Sir, to come 
here in the midst of your onerous duties, to initiate the delibrations of this 
Conference. The Committee also has great pleasure in offering its thanks to all 
those who have been ungrudgingly contributing their mite for the welfare of 
our Society, during these 31 years of its existence, and especially to those who 
have undertaken long and tedious journeys to attend this Conference and to 
contribute towards its success. 

The Managing Committee also thanks the various Indian Universities, 
that have rendered financial help in the past by giving annual grants-in-aid. 

My la3t but not the least duty is to express, on behalf of the Managing 
Committee, our grateful thanks to the Vice-Chancellor of the University qf 
Lucknow, for giving us this opportunity of assembling here under the auspices 
of the University by his kind invitation, and to the Local Reception Committee 
for their hospitality and excellent arrangements for the guests. 

Onr special thanks are due to Dr. A. N. Singh and his band of volunteers 
who have worked hard to make this Conference a success. 



STARS AND GALAXIES 


BY 

PROF. A. C. BANERJI, D. sc., Allahabad. 

( Popular lecture delivered at the Mathematical Conference at Lucknow on 16-3-38 ) 

Gentlemen, You have seen stars and nebulae or at least you are aquainted 
with them. You may also have observed the Milky-way on a dark clear night. 
It appears as a faintly luminous band forming an arch which stretches across 
the sky from end to end. If you see it through a good telescope you will 
perhaps think that it is composed of “countless multitudes” of stars. But the 
number is not really uncountable. The total number is of the order of two 
hundred thousand millions e., 2 x 10". Each star is an immense fiery globe 
similar to our Sun. The number of human beings on our earth is about two 
thousand millions. So the number of starry inhabitants in the Milky way is 
about two hundred times the human population on our planet. All these stars 
form a system or a galaxy whose size is enormous but not unlimited. As we 
are situated within the system, we cannot get a good view of its form. An 
inhabitant of Andromeda Nebula, or more generally a person situated outside 
the Milky-way will see it as a little island of matter in an ocean of empty space, 
just as we find the Andromeda nebula to be a tiny island in the ocean of 
emptiness. Or we may put it in a slightly different way and say that both the 
Milky way and the Andromeda nebulae are oases in the desert of emptiness. 
Although they are mere oases in empty space, their sizes are enormous 
compared to us. To measure their dimensions it is most inconvenient to 
employ our ordinary units of distances, and we have to use instead our astro¬ 
nomical units. The usual units that are used are one light year and one parsec. 
One light year is the distance covered in one year by light travelling with the 
speed of 186,000 miles per sec. One light year is roughly equal to 6 billion 
miles (6,000,000,000,000 miles). One parsec is the distance of a heavenly 
body whose parallax is one second, i.e., it is about 20 billion miles 
(20,000,000,000,000 miles). 

According to most recent estimate by Hubble and Trumpler, the 
diameter of the Milky way is about 30,000 parsecs. Lindblad’s 
theoretical treatment gives 26,000 parsecs as the diameter. Our gala¬ 
ctic system or the Milky way is a greatly flattened disc with the 
thickness at the centre of about 6000 parsecs, Our sun is at a distance 
of 10,000 parsecs from the centre of mass of the galactic system. This centre is 
situated in the Constellation of Ophiuchus. By studying the motions of stars 
in our galaxy, it has been found that our galactic system is a dynamical unit 
revolving in its own plane round the centre like a huge Catherine wheel. The 
period of rotation is about 220,000,000 years, and the tangential velocity at the 
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sun is about 200 miles per sec. (275 Km/Sec.). The total mass of the galaxy is 
about 165 x 10"' times the mass of the sun. The largest known external 
system (external to our galaxy) is the Andromeda nebula. According to most 
recent estimate it has a diameter of about 20,000 parsecs. Shapley thinks that 
it is also a greatly flattened stratum of about 1000 parsecs in thickness except 
near the galactic centre where it is greatly enlarged. Its period of rotation is 
14,000,000 years. Its mass is about 3 5 x io # times the mass of the sun. 
Hubble has shown the practical identity of the constituent members of the 
Andromeda nebula and our galaxy. Each contains stars and star clouds, 
bright and dark nebulae, diffuse nebulae, globular clusters, cepheid variables 
novae, giant and super giant stars. The similarity of structure of the two 
systems is strongly indicated by their greatly flattened forms. Both are in 
rapid rotation in their planes and this rotation is perhaps the cause of 
their flattening The Andromeda nebula has the form of a spiral 
and it is not unreasonable to suppose that our galaxy is a great spiral nebula, 
perhaps somewhat larger than any of the extra galactic system, but not of a 
different order of size. The Andromeda nebula and the Milky way are super 
galaxies, and several super galaxies form together a meta galaxy. If we take 
the analogy of terrestrial geography then a meta galaxy may be compared to a 
continent and a super galaxy to a country within a continent. “Know thy 
country well "is the slogan at present and we shall therefore study more in 
detail the constituents of our galactic system i.e., the Milky way. 

I already mentioned to you that the Milky way contains “ multitudes of 
stars”. These stars individually show a very wide diversity. Some radiate more 
than 10,000 times as much heat and light as our sun while some others give out 
less than i/iooth times as much as our sun. Some show a surface temperature 
as 30,000" C. while others have got surface temperature as low as 3,000“ C. 
These stars have widely varying degrees of apparent brightness due (i) partly to 
their distances and (ii) partly to their actual differences in intrinsic brightness. 

Some stars are believed to be pulsating. They undergo inflation and de¬ 
flation within i period of a few days or a few weeks. They give out widely 
varying quantities of heat and light as they swell up and collapse. A great 
many stars, about of the whole number, travel in pairs and they are called 
double or binary stars, but the majority of them to quote the language of 
Eddington, are “bachelors” like our sun. Some stars are very dense and 
compact, while others are extremely tenuous. The stars also vary enormously 
in size. 

But in spite of their diversity in many respects there is some sort of 
uniformity amongst the stars so far as their masses are concerned. But for a 
few exceptional ones the masses of stars vary within a range from l/5th to 5 
times the sun’s mass. The general run of masses is even within a narrower 
range. Adult persons have widely different features, but their masses will 
generally vary within the narrow range of 1 md. and 2H tnds. 

A giant star is big not on account of its mass but because it is swollen up 
like a balloon. Some of these stars are as rarefied as gas. A dwarf star is 
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small because it is highly compressed. Our sun is a typical middle class star. 
The mass of our sun is 1-99 x io"“ gm., its radius is 6-9 x io 10 cm. and its 
mean density is 14 times that of water. The surface temperature of the sun 
is about 5000° C. whereas the temperature at the centre may be as high as 
14,000,000° C. 

Capella which is the brightest star in the constellation Auriga is a binary 
star. Its bright component has a mass 83 x 10™ gm. or 4 18 x M where M is 
the mass of the sun. Its radius is 9 55 x 10" cm. or 1374 x R where R is the 
radius of the sun. Its mean density is 03227 gm. per cu. cm. So Capella has 
an average density about the same as the air in our atmosphere. Its surface 
temperature is about 5200° C. while the temperature at its centre is estimated to 
be over 7 million degrees (7,000,000 C.). * 

Betelguese is a real giant star in the constellation of Orion. To get an 
idea of its size we have to imagine our sun to swell up and extend up to the 
orbit of Mars, swallowing up Mercury, Venus, and the Earth. Its radius is 
2-5 x io ld cms. or 360 x R. The mean density is 000002 gm. per cu. cm. 
Therefore the matter in Betelguese is extremely tenuous. It is as rarefied as the 
gas in an exhausted vessel for instance—a vacuum tube. For terrestrial condi¬ 
tions, Betelguese may be regarded as “ a rather good vacuum ”, but when we 
consider the extreme emptiness of space Betelguese can no longer be regarded 
as a vacuum, it then becomes an aggregate of matter—a star. Recently it has 
been possible to produce a more highly exhausted vacuum than Betelguese in 
our laboratories. If a star of the size of Betelguese has as high a density as the 
sun, then the force of gravity will be so great that light would be unable to 
escape from it and rays would fall back to the star like a stone to the earth. 

In gaseous nebulae we observe matter which is a million times more 
rarefied than the most highly exhausted vacuum obtainable on earth. In our 
laboratories we can hardly produce temperatures more than 5,000° C., but in 
stars we some time come across temperatures as high as 50,000,000“ C. 
Eddington has very aptly stated that in the laboratories of the heavens we 
come across much hotter furnaces and much more rarefied “vacuum”; and a 
vaster scale of experiments is in progress there. 

White dwarf Stars 

Eddington has compared an astronomer to an electric engineer. 
The electric engineer will tell you that to produce a certain amount 
of illumination, you must have a dynamo of a specified size. Similarly 
it is possible for an astronomer to calculate the mass of a star which gives out 
a certain amount of light and heat. Eddington thus found the “mass-lumino¬ 
sity law” of a star i.e., the intrinsic brightness of a star depends mainly on its 
mass and to a small extent upon its radius. This formula was not intended to 
apply to all stars but only to diffuse stars which behave like perfect gases. The 
observed masses and luminosities of diffuse stars agreed with the formula all 
right, but the trouble arose when dense stars for which the formula was not 
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intended, agreed with the formula equally well. This surprising result needed 
explanation. It meant that although the density was as great as water or iron 
the stellar material was behaving like a gas and was compressible like an 
ordinary gas. We have to look into this point more carefully. Let us see why 
we can compress air and not water to any appreciable extent. It is because 
that the air molecules are far apart with plenty of empty space between them. 
When air is compressed the molecules are packed a bit closer, then the amount 
of vacant space between them is reduced. In liquids and solids the molecules 
are practically in contact and the limit of compression has already been reached 
so that the particles cannot be packed closer together any further; and the 
densities of these liquids and solid substances can no longer be increased 
appreciably. So under terrestrial conditions the limit of compression corres¬ 
ponds approximately to the density of the liquid or the solid state. 

But stellar conditions where temperatures of millions of degrees are reached, 
are very different from conditions prevailing on our earth. At such high tem¬ 
peratures atoms are thoroughly smashed up or ionised. Under ordinary terres¬ 
trial conditions an atom has a heavy central nucleus surrounded by widely extend¬ 
ed but not very substantial structure of revolving electrons. At the high tempe¬ 
rature prevailing in the stars this structure of electrons is broken up and they 
are scattered loose. Vast extent of empty space is now available ; the atoms 
do not jam, and the limit of compression is not reached until a density very 
much greater than that of water or indeed of any material found on this earth, 
is attained. Stellar matter is far from the limit of compression which has been 
put enormously higher due to the smashing up of the outer parts of the atom. 
So this matter behaves like a perfect gas. 

The companion of Sirius, the brightest star visible in the sky, has a density 
50,000 times that of water—the matter in this star is 2000 times as dense as 
platinum. If a match box is filled with this matter, it would weigh a ton. The 
star Oa Eridani B has a density about 98,000 times that of water. 

Planetary Systems 

At one time it was thought that all stars have attendant planets. Now 
the opposite view is taken and it is supposed that planetary system is a rare 
development and a “ freak-formation.” The formation of planets of our sun 
is a rare accident. It is surmised that some two thousand million years ago 
our sun nearly collided with another star. There was no actual smash. The 
second star has passed by and is far away now. A great tidal wave was 
created in our sun at the time of the closest approach, and jets of matter were 
raised and thrown out, which have condensed into planets now. There is 
immense room in inter-stellar space, and Eddington has rightly pointed out 
that notwithstanding the reckless speed of stars, the celestial traffic conditions 
are extremely safe, and collisions are very rare occurrences. It has been 
calculated that with the present distribution of stars in? the neighbourhood of 
the sun, a given star is likely to meet with actual collision once in 6 x io' 7 years. 
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If we allot an average age of 5 x 10” years to the stars, we find that only about 
one star in 100,000 is at present surrounded by planets. 

Binary Stars 

The two constituents of some of the binary stars are so closed together that 
they cannot be differentiated by direct visual observation. Only their spectra 
reveal that they are binary stars. They are called spectroscopic binaries. 
They are susceptible to direct visual observation. It is surmised that spectro¬ 
scopic binaries are formed out of rotating masses of nearly uniform 
density. 

The parent rotating mass which had originally a spherical shape assumes 
first the spheroidal and then the pear-shaped form through shrinkage. The pear- 
shaped form is dynamically unstable and ultimately fission occurs, and two 
detached masses are formed, which make a binary system. 

On the other hand the visual binaries arc formed out of independent 
condensations in the parent nebulae. 

Cepheid Variables 

Cepheid Variables are perhaps pulsating stars. They are very useful in 
measuring the distance of remote stars and nebulae. Parallactic method of 
measuring distances fails when a heavenly body is at a distance greater 
than 100 parsecs. Brightness or luminosity of a Cepheid variable undergoes 
continuous change periodically, and the period varies from a few hours to a 
few weeks. Cepheids which have the same period, have the same intrinsic 
luminosity, radius and spectral type. The observed relation between period 
and luminosity is governed by period luminosity law. The intrinsic luminosity 
of the Cepheids varies more or less as the period. So Cepheid Variable can be 
made to act as “ Standard candles.” A Cepheid having a period of 40 hours 
has an intrinsic luminosity 250 times that of the sun and a Cepheid having a 
period of 10 days has got a luminosity 1600 times that of the sun. When the 
absolute and apparent magnitudes of a Cepheid are known a simple appli¬ 
cation of the inverse square law will give its distance. If A and B have the 
same intrinsic brightness, then if A looks four times as bright as B, B must be 
at a distance twice that of A. 

Luckily for us, most of the star clusters and nebulae abound in 
Cepheid Variables, and so their approximate distances are easily found. 

Planetary and diffuse nebulae 

Planetary nebulae have nothing of a planetary nature in them, but they 
appear to have finite discs when seen through a telescope. , These nebulae 
contain a great number of stars. They are very much rarefied. Eddington has 
calculated that the whole amount of matter contained in a volume of the size 
of the earth would not weigh more than 20 tons. 
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Diffuse nebulae are irregular in shape. Variation of density, opacity, and 
luminosity is responsible for all sorts of fantastic shapes. Jn our galactic 
system we come across both these types of nebulae. Some of them have a 
diameter of too light years or more. If our galactic system is compared to a 
country on the same analogy these nebulae can be compared to provinces on our 
terrestrial map. 

There are also dark nebulae which do not shine and which obscure the stars 
which lie behind them. The Pleiades and the Hyades are galactic clusters 
which are much smaller in sue. The length of the Pleiades is about 10 light 
years from end to end. These galactic clusters may be compared to districts 
and divisions. On the same scale the sun with its planets may be compared to 
a city with its suburbs. 

There is another kind of cluster cailed the globular clusters which are much 
richer in stars than galactic clusters. 

Magellanic clouds and extra-galactic nebulae 

Just outside the boundary of our galaxy there are two remarkable groups of 
stars which were first observed by the famous Spanish Explorer Ferdinand 
Magellan near the South celestial pole when circumnavigating the world. 
Their distances are about 85,000 and 95,000 light years from us. In the depths 
of space there are many extra-galactic systems or nebulae, and out of these a 
large number have spital forms while otheis have got elliptical shapes. The 
great nebula Andromeda is about 800,000 light years from us. Many of these 
extra-galactic nebulae have got enormous size. If the size of some of these 
nebulae be reduced to that of Asia, then the Earth would become a microscopic 
body hardly visible even under a most powerful microscope. Many of the spiral 
nebulae have spiral forms. 

Extra-galactic nebulae abound in Cepheid Variables and their distances 
can therefore be easily measured. We notice one remarkable thing about these 
extra-galactic nebulae. Except for three or four of the nearest of them their 
spectra show a shift of spectral lines towards the red. It is moreover found 
that on the average the amount of the shift is directly proportional to the 
distance of the nebulae. Perhaps the most probable explanation is to be given 
by Doppler’s Principle. In accordance with this principle we find that these 
galaxies are running away from us and the further they are away, the faster 
they go. The speed is found to be proportional to the distance, so that a 
galaxy io million light years away recedes at the rate of 1000 miles per second, a 
galaxy over 50 million light years away recedes at the rate of 5000 miles per 
second. The fastest yet discovered recedes at the rate of 30,000 miles per 
second. Its distance is 3C0 million light years away from us. In miles, 300 
million light years = 1800,000,000,000,000,000,000 miles. 

It may be mentioned here that in the case of a nebula we cannot get a 
good dear spectrum like that of a star. This is due to the fact that a nebula 
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consists of multitudes of stars with all sorts of different spectra which are 
superposed. We therefore get a sort of a blur in which two main features 
common to all the stars are shown prominently. These are H and K lines of 
Calcium, and the shifts of these lines are measured, from which we can deduce 
the velocity of recession of the nebulae. 

The supporters of the theory of Relativity have tried to explain the 
phenomenon of recession of galaxies by suggesting that it is due to general 
scattering caused by cosmical repulsion. In all small scale systems gravitation 
gets the upper hand whereas in a large enough scale cosmical repulsion pre¬ 
ponderates. In accordance with this theory the nebulae will recede to double 
their present distance in 1300 million years. 

There is one point which I would like to mention to you. We can only 
know ancient, indeed, very ancient history of the nebulae. A nebula whose 
distance is observed to be 10 million light years from us was at that distance 
10 million years ago. At the present moment it is somewhat further away i.e., 
about 10 , 050,000 light years away from us, and is receding from us at the rate 
of 1050 miles per sec. Similarly a nebula whose distance is observed to be 300 
million light years from us was at that distance 300 million years ago. 
At the present moment it is about 350 million light years from us and is 
receding now at the rate of 35,000 miles per second. 

I am indebted to Eddington, Jeans, Shapley, Hubble, Lindblad and others 
for borrowing data from their papers in preparing this lecture. 
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F. W. LEVI Hardinge, Professor of Mathematics, 

Calcutta University 
Permutations of enumerate sets 

P. SAMUEL LALL, Punjab University 
Dedekind's Sections of real numbers and Mahajani.’s variation of it. 

S. M. SHAH, Muslim University, Aligarh 
An inequality for aii arithmetical function, 

S. S. PILLAI, Annamalai University 
* Oil Waring’s Problem g (6) — 73. 

As usual, let g (n) denote the least value of s such that every 
number is the sum of s n ,h powers. Then for n < 100, we do not 
know the exact value of g (n) only when n*=4, 5 and 6. In this 
paper I show that 

g (6) - 73 

The proof rests on certain results quoted by L. E. Dickson from a 
table prepared by R. Shook. While no table is required to determine 
g ( n) when n>7, we want Shook’s extensive table to determine g (6). 
Though a proof which does not depend upon an extensive table is 
highly desirable, the author wonders whether it will be possible un¬ 
less one finds out a method which is entirely different from all exist¬ 
ing ones. 

K. SAMBASIVA RAO, M.A. (Hons.), Andhra University. 

On, a particular representation of integers as sums of kP powers. 

We represent an integer x in the form x -xi* + x% + • • • x* where 
x\ X) ‘ x, are integers given by 

(xi 4 l)*>x>xi*; (x» + l)*>x - xi*>x 4 * etc. 

If the number of k * powers required for representing x is S*(x) 
it is shown that 

(i) for all x > xo, S*(x) < C\ log log x ; j 

(ii) there exist infinitely many x for which S*(x) > c* log log x. 
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HANSRAJ GUPTA, Government College, Hoshiarpur. 

Congruence Properties of Self-Contained Balanced Sets. 

A set B* of positive integers b \, b 2 , h 3 , is called a balanced 

TM-set, -when the sum of the b's equidistant from the beginning and 
the end is rn. It is said to be self-contained modulo m, when num¬ 
bers £ exist such that the members of set £ Ba, are congruent modulo m 
with the members of set Ba, each to each though not necessarily in 
the same order. 

Denoting by G, (Ba) the sum of the products taken r at a time 
of the members of set Ba, and by Sr (Ba) the sum of the r ,h powers 
of b’s , the following results are proved :— 

2 (m, Mu) Gjjo (B/,) s= 0 (mod nr). 
and 2 (rn, M»j) S^+i (Ba) = 0 (mod nf). 
where Ms; is a certain product quite independent of m. 

HANSRAJ GUPTA, Hoshiarpur 

A Generalisation of Leudexdorf’s Theorem. 

Denoting by Gr the sum of the products taken r at a time of 
numbers less than and prime to rn, the following generalisation of 
Leudesdorf’s Theorem is proved : 

2 (m, 4N‘2j) Gj;h = 0 (mod nr) 

where N^j is the product of all odd primes of the form (2 j'd t-1). 

HANSRAJ GUPTA, Hoshiarpur 
Waring's Problem for powers of Primes. 

In this paper, decompositions into 12th powers of primes are 
considered. The weight of any integer < ll ls can be found with the 
help of tables given. Finally it is shown that the weight of no 
number between 7 la and 10 w exceeds 1670. 

D. R. KAPREKAR, Devlali 

Demlo Numbers and their applications to recurring decimals. 

A Demlo number is an integer whose digits may be divided 
into three groups of which the middle group consists of a repeated 
digit and the sum of the number given by the two extreme groups 
is also a number with the same repeated digit. Thus 12488764 is a 
demlo number since 124 +764 = 888. Methods of deriving such num- 
,bers, their properties and relation to recurring decimals are discussed. 
A special class of such numbers are those in which the digits go on 
increasing and then decrease e.g. 123454321. They have some strik¬ 
ing properties; thus 

. 12345678987654321x 243 - 2999999994000000003. 



Abstracts oe Papers 


1? 


A. A. KRISHNASWAMI AYYANGAR, M A., L.T. 

Maharaja's College, Mysore. 

A New Study of the half-regular continued fraction. 

In this paper it is proposed to consider the structure and 
properties of the several types of half-regular continued fractions 
through a study of the transformations which convert a simple con¬ 
tinued fraction into a half-regular one. This method enables us to 
give a synoptic survey of known results and many new ones con¬ 
cerning the half-regular continued fraction. The discussion runs into 
five sections: 

(1) Sets of Transformations. (2) Properties of Residues. 

(3) Varieties of Types. (4) Raschesten Kettenbruch- 

entwickelung. 

(5) Recurring continued fractions, 

the main aim being to bring together as many results as possible 
under one unifying principle. 

T. VENKATARAYUDU, M.A , Andhra University, Waltair. 

The Algebra of the e Ul power residues*. 

In the present paper the algebra of the Gaussian periods is 
shown to be identical with the algebra of the e th power residues mod. p. 
The latter is easily seen to be a particular case of the algebra of the 
e th power residues connected with a cyclic group of finite order. Further 
an example is given to show that there is no corresponding algebra 
of the e th power residues connected with any finite Abelian group. 

S. PANKAJAM, University of Madras. 

On finite Boolean Algebra 

This paper is concerned with a proof of the known theorem 
that any finite Boolean Algebra can be regarded as an algebra of all 
sub-classes of a finite class. The proof, though not new in principle, 
has, I believe, some novel features. Further, I also discuss the 
representation of a finite Boolean Algebra as a Vector Algebra, 
(mod. 2). 

C. N. SRINIVASIENGAR 
Non-differeniiable functions 

M. N. NARASIMHA IYENGAR, Mysore. 

A General form of the Taylor-Remainder : 

It is proposed to show that by utilising Cauchy's form of the. 
mean value theorem it is possible to obtain a general form of the 

i 
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Remainder in Taylor’s theorem, which includes as particular cases 
all the forms of the Remainder known so far, including the Integral 
forms. A short note on the behaviour of ‘ 8 ' is also included. 


M. N. NARASIMHA IYENGAR, Mysore 

* Some Inequalities connected with the Error-Function Integtal 
and the Gamma Integral. ' 

The approximate position of the Centre of Gravity of the area 

is used to derive these inequalities. One of them is 
_ 2 

- ——a > f e~ x /2 c/.r > ^ ( 1 -e “ 2 ). This inequality can be made 

a i + e -«Jo a 

p a 2 2 2 

stronger: As it is, the portion I e~ x /2 tlx > ^ (1 - c" a /2 ) seems to be 

better than f e~ x '*dx > V 7r ; 2(1 - e~ xl ) (1 > ,r > 0) in the interval 
J 0 

( 0 , ■ 95 ). 

M. N. NARASIMHA IYENGAR, Mysore 

1 Some simple properties of the Logarithmic curve and their 
applications.’ 


The locus of the mid-points of a system of parallel chords is 
obtained and it is shown how all the variables that occur in a paper 
by Prof. G. N. Watson on ‘ the approximations connected with e* ' 
(published in the Proc,. L. M. S.) can be interpreted geometrically. 

M. N. NARASIMHA IYENGAR, Mysore 
‘ A theorem staled by Ramanujan '. (Approximations connected 
with e*). 

The following theorem was stated by Ramanujan : 

X 7 * £* 

1 + — + • + r jt/ = - , where y - when x = 0 and y 1/3 when x co 

and he remarked that it is difficult to prove that y lies between £ 
and $. Professors Watson and Szego have published proofs in Proc. 
L. M. S. and Jour. L. M. S. respectively. In this paper an attempt is 
made to give an elementary proof of the same result. 

V. GANAPATHY IYER, Madras 

“ On the average radial increase of integral functions of order one 
and finite type." 

Let z = re id . Let f(z) be an integral function and M(r, /)- 

max |/(*)|. We denote by n(r) the number of zeros of /(*) in Ul <r 
*_1« r 
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and by n(r, a., &) those in the region a<0</5, 121 < r. The function 
f{z) is said to be of order one and finite type when ^ co - 
In this paper I prove the following result: 

THEOREM. Let f(z) be of order one and finite type and let 

^{log 4 |/(x)l+Iog 4 |/(-.r)l!^ 

be convergent, where log 4 |a| =max (0, log|u|). Then the following 
relations are valid: 


(i) 


(ii) 


lim v(r. h, tr -6) 
. r 


lim 




- 8 ) 


= 0 for 0 < S < ; 


there exists a constant A such that 


lim n (r) _ 

r-)oo r - A 


(iii) 


(iv) 


lim n{r. -$>&)_ lim n(r, tt- g, w + h) 

r -} 00 ~ — i-> 00 _ 


A for 0<8O ; 


lim 1 
R~> log R 


\ | log|/(/e“)|+log|/(f e ,( “ ” ) )l}^ 

= <t A|sina| for 0 


Results (i), (ii) and (iii) have been proved by Levinson* and 
M. L. Gartwright.i The relation (ii) has also been proved by Paley 
and Wiener.^ The result (iv) is new. 


R. S. VARMA, Cawnpore 

Some Infinite Integrals invoicing Weber's parabotir cylinder functions. 

The object of this paper is to evaluate some infinite integrals 
involving Weber’s parabolic cylinder functions. Two functions of the 
parabolic cyliuder are also obtained which are J»—transforms of 
each other. Finally some integral expressions for the Humbert func¬ 
tion Jm, « (,r) are investigated. 


R. S. VARMA, Cawnpore 

On Laguerre Polynomials which are self-reciprocal in the 
Hankcl transform 

In this note some Laguerre polynomials which are self-reciprocal 
in the Hankel transform have been investigated. 


* Proc. Cambridge Phil. Sic., 31 (1935), 335-46. 
t Ibid., 347-50 an! the Proc Lend. Math, Soc., (2), 38 (* 935 ), 179. 
t "Fourier Transforms in the Complex Domain", Amcr, Math. Soc. Colta, Pub. 
19 ( 1934 ), 69. 
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B. RAMAMURTI, Annamalai University 
• A special web of binary sextics 

The object of this paper is to study the special web of binary 
sextics 

A + B aA.’Sx 2 + C + D <u 8 k 8 y** 

where a* 2 fix 2 r* 3 S» 3 are general quadratics, by means of a representa¬ 
tion in [3] with reference to a twisted cubic. Surprisingly enough 
it leads to the net of quadrics associated with a pair of Mobiiis 
tetrads, which has been studied in detail recently by W. L. Edge 
( Proc. London Math. Soc., 1936). Some important properties of such a 
net obtained by him, and some others are deduced in this paper by 
binary methods. 

A. NARASINGA RAO, Annamalai University 

Oriented Turbine Geometry 

The oriented turbine is a generalisation of the concept of the 
oriented sphere and is a configuration of oriented surface elements 
obtained as follows :—Let the surface elements of an oriented sphere 
(inner sphere or hub of the turbine) in ?!-dimensions glide along the 
tangent prime in all directions through a constant distance t from 
the point of contact. The points of the resulting configuration of 
oriented surface elements lie on a sphere (the outer sphere or rim of 
the turbine) and make with its surface elements a constant angle a. 
When the rim and the hub of a turbine coincide we have an oriented 
sphere which is thus a special kind of turbine. It is shown how the 
Lie Group in Hohere-Kugelgeometrie may be considered as a Geo¬ 
metry of Turbines under a contact transformation group, and how 
not only the Geometries of Mobius and of Laguerre but a whole 
pencil of sub-geometries of Lie which belong to the Mobius-Laguerre 
pencil may be imbedded in Turbine geometry. 

A. NARASINGA RAO AND K. RANGASWAMI, 

Annamalai University 

On the Pedal and Contact Circles of a Triangle 

A pair of isogonal conjugates P, P' with respect to a triangle 
define two circles—their “pedal ” and “contact” circles. The former 
passes through the projections of these points on the sides, while the 
latter is the circle through the points of contact of the two in-conics 
with centres at P and P'. In this paper these circles are studied 
through the usual representation of the circles in a plane by the 
points in a three-space. 
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It is known that the totality of pedal circles and also that of 
contact circles correspond to points on quadrinodal cubic surfaces, 
the in- and ex-circles of the triangle corresponding to the nodes. It 
is shown that the collineation which carries the contact circle of a 
pair isogonal conjugates into the pedal circle of the same pair is the 
one which has the in- and ex-circles of the triangle for fixed elements 
and carries all straight lines in the plane into circles orthogonal to 
the polar circle of the triangle. 

A. NARASINGA RAO AND B. R. VENK ATARAM AN, 
Annamalai University 
The infinitesimal flow in a projective space. 

When an infinitesimal projective transformation is conceived as 
a flow of points on the plane supposed endowed with a Euclidean 
metric, it is found that the divergence and curl of the flow vector 
at a point P are proportional to its distances from two fixed lineB at 
right angles passing respectively through the centroid and ortho-centre 
of the invariant triangle. Taking the two lines as the x and y axes, 
it is found that the velocity field may be resolved into (i) a constant 
translatory motion, (ii) that due to a homogeneous strain of zero 
divergence and (iii) a radial outflow along OP with a velocity ry 
where O is the origin and OP = r. 

The projective flow in Euclidean w-space shows the same features, 
the Stokes tensor here taking the place of the curl of the vector field. 

C. N. SRINIVASIENGAR 
On the Quartic Developable 

Deals with a family of Cayley cubic Scrolls associated with a 
quartic developable, all of whose generators belong to the same linear 
congruence. 

The first polar surface of the developable with respect to any 
point on a generator is a cubic of thetype(B s , Cj), whose asymptotic 
curves are determined. 

RAM BEHARI, University of Delhi 
Some properties of the line of the striclion of a ruled surface 

The object of this paper is to obtain both geometrical and 
analytical proofs of some properties of the line of striotion of a ruled 
surface, and to give an easy method for constructing a ruled surface 
whose line of striction is any given curve. 
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RAM BEHARI, University of Delhi 

On the generators of a ruled surface 

Mainardi-Codazzi relations are generally employed by writers to 
obtain some properties of the generators of a ruled surface. In this 
paper I have obtained an easy method for proving some properties 
without any reference to Maindardi-Codazzi relations. 

D. D. KOSAMBI, Fergusson College, Poona 
Differential invariants connected with systems of partial Differential 
Equations: By using the methods followed in my work on ordinary 
differential equations, it is possible to obtain the differential invari- 

ants of the system:-■ H’ =0. The results 

iu ai • • S« a, ai 

obtained differ somewhat from those of Bortolotti and also of 
Kawaguchi. One fact is clear: the natural connection is not affine 
but projective. Moreover, it cannot be determined intrinsically 
without recourse to the second partial derivatives of the H* 

*i . . . ot«. 

R. VAIDYANATHASWAMI, University of Madras 

On the space of line-elements in the calculus of variations 

K. NAGABHUSHANAM, Andhra University, Waltair 

On curves minimising a certain integral. 

If gr.* be metrical ground form in Euclidean 3-space, the degenerate 
tensor 

G ,* ~ 9 ri ^ ) 

is connected with the varying part of moment of inertia in the theorem 
of parallel axes. If we inquire into the nature of the curves minimising 
| ds where ds 3 ~Q>k dx' dx k we obtain as solution 

X^ / 

~r ——•-■= — , {l, m, n being arbitrary constants). 
l m n 

From physical considerations, it is shown that these straight lines 
through the origin which are null extremals are the only curves in 
the solution. 

K. NAGABHUSHANAM, Andhra University, Waltair 

On a class of degenerate metrics 

The nature of the metrics which are necessarily degenerate, whose 
only extremals are null extremals forming a single family of curves 
is studied here, 

h 
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K. NAGABHUSHANAM, Andhra University, Waltair 

Variational principle in a nonkinematical case, of Milne's Expanding 
Universe. 

Milne's equations for trajectories in Expanding Universe of 4 
dimensions are not derivable from a regular metric as shown by 
Kosambi in the Kinematical case where G = -1. Following the same 
notation and methods, the tensors P’j, R‘;* for general G (£) are cal¬ 
culated and found to be as follows : 

X 2 P‘, = GX (Yc’j - x‘rj) + Q j(p‘U ~ x'G' f) , 


X 3 RV* = X (G - G't) (VjXK - c‘kX,) + pT (p,j» - p*.r 3 ) + G'ZtfVp* - b' k p,), 


where 


Qj — Ypj - Zxj 


0’- dG 


rf 2 G 


• G(2 + G) + G'(l + G) (2 £ - 1) + (G') 2 £(1 - £) - 2G" (1+G) £ (1 - £). 


In the case when Gsa constant y= -1, it is found that if a 
metric exists, then 

YA[-(l + G) + £ (2 + G)] 

is also a metric, A being independent of x\ As it is not possible to find 
such A, it is concluded that in this case also no regular metric exists. 

M. V. VAIDYANATHA SASTRI, Nizamiah Observatory 

Occultalions of stars observed at the Nizamiah Observatory 

The occultations observed at the Nizamiah Observatory from 
1927-1937 are dealt with in this paper. The method of reduction is 
essentially that outlined by Innes in A. J. 835 and for convenience of 
reference is briefly explained. The reduction of occultations yields 
equations of the form 

o' - a = AX cos (p - X) + A0 sin (p - X) 

where 

o'- apparent angular distance of the star from the centre of the 
tabular moon. 

o— apparent semi-diameter of the moon. 

P- Direction of the moon’s motion measured from the north 
point. 

X- Position angle of occultation measured from the north point 
of the moon’s disc in the direction N.E.S.W. 

AX and A/3 are the errors in the orbital longitude and latitude of 
the moon. 
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The solution, by the method of least squares, of equations of the 
above type for each year gives the correction to be applied to the 
mean longitude and latitude of the moon. 

The values for AX as reduced from the above observations are 
found to be in close agreement with Brown’s as reduced from a very 
large material. 


B. R. SETH, University of Delhi 
• Wares in a circular C'mtnl 

No exact solution exists for the problem of the transverse oscilla¬ 
tions of water contained in a canal of circular section. When the 
free surface is at the level of the axis both Lamb and Rayleigh have 
Obtained an approximate value for the frequency of the gravest mode 
by using Rayleigh's method for cases in which the normal types can¬ 
not be accurately determined; but both of them have failed to notice 
that the constrained type assumed by them is unstable, and hence 
the result obtained is of not much consequence. In the present paper 
it is shewn that for a circular canal no exact stable type can be 
obtained. But, if the depth of water in the canal be small compared 
with its diameter, an approximate determination of the frequency can 
be effected. For very small depths the formula 



holds good, h being the depth of water in the canal. 

B. R. SETH, University of Delhi 

Transverse waves in canals' 

In this paper it is shewn that no exact solution can be obtained 
for transverse oscillation in a canal whose section is a closed curve. 
In certain cases when the depth of water in the canal is small an 
approximate value of the frequency can be obtained. This value ap¬ 
proaches v(gip) as the depth becomes very small, p being the radius 
of curvature at the lowest point. 

M. ZIA.UD DIN, M.A., Ph.D. (Wales), Bahawalpur 

Wave mechanics of the Harmonic Oscillator and the parabolic 
cylinder functions 

The Methods of Quantum mechanics, considering the well-known 
Scfarodinger's Wave equation, for the Harmonic Oscillator, aroused to 
doduee the recurrence formulae for the Parabolic Cylinder Functions. 
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M. RAZIUDDIN SIDDIQI, Osmania University, Hyderabad 

“ Matricial representation of quaternions, and its application to 
relativistic quantum mechanics ” 

In continuation of the work of Kwal and others, an attempt has 
been made to represent the HamiLtonian quaternions as matrices. 
This is done by means of three sets of four matrices each, viz. 
en, fn, gn (p-1. 2, 3, 4), corresponding to the three products qp,pq 
and q p, where p is the adjoint quaternion to p. All the e, f, g, are 
matrices of the fourth rank, e\ and f\ being simply the unit matrices. 
A few of the relations satisfied by them are 

e,e,= - e$e r = et ; /,/,=■ -fsfr=ft-, e? -/, 3 - -e 4 = -/ 4 ; 
grfs = e, g, = gt ; g s f, = e.g, = - gi, 
where r, s, t denote cyclic permutations of 1, 2, 3. 

e M 4=/ l> e fl = (7 M g u \ g„ = g v e/, g^ f v **c* g p - 

Quaternionic functions and derivatives can easily be expressed 
by means of these matrices. The D’AIembertian differential operator 
can be linearised, and Maxwell's equations expressed in a matricial 
quaternionic form. This matricial representation of the group of 
quaternions is then seen to be identical with the group of Lorentz 
transformations. These transformations then lead us directly to 
Dirac’s equation in quaternionic form. 

All the variables in quantum mechanics thus become quaternionic 
functions of the quaternionic parameter, viz. the world point. In this 
relativistic quantum mechanics we get four equations of motion 
corresponding to each equation of Heisenberg, and four uncertainty 
relations corresponding to each classical relation. The generalisation is 
analogous to that introduced by Dirac for Schrddinger’s wave-equation. 

B. 8. MADHAVA RAO, Engineering College, Bangalore 

Biqwaternions t'a Born's Electrodynamics. 

A representation of Born’s original theory by the use of biquater¬ 
nions is given by Watson (Trans. Roy. Soc. Canada, 1936). In this 
paper will be found alternative representations and also generali¬ 
sation to the several types of Born’s Electrodynamics. 

M. R. DORE8AMIENGAR, University of Mysore 
\A Variation of Pareto’s Law ' 

Pareto's law of incomes has been given as N> A./x". It can also 
be expressed as / ~ = - a. This paper points out that a has to be 


4 
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necessarily greater than 2 if the statement is to be significant at all. 
For a <2 implies frequency-distributions of incomes with infinite 
standard deviations. But the simplest of variants of Pareto’s law, 
namely, ^/~ *= -Kx points to distributions with finite S.D's and in¬ 
variable Lorenz Coefficients. The paper also points out the economic 
inferences that can be drawn from the modified Pareto’s Law. 

S. SUBRAMANIAN, Annamalai University 

’ Compatibility of Fisher's tests for Index Number Formulae 

Out of the seven important tests devised by Prof. Irving Fisher 
for Index Number Formulae, Prof. Frisch found * three incompatible 
with one another; but as I have pointed out elsewhere t his conclu¬ 
sion is rendered incorrect by his failure to take into account the limi¬ 
tations of the general solution he gives for his differential equations. 

In the present paper the tests are examined in detail and it is shown 
that a formula can be found so as to satisfy them simultaneously. 

* Frisch: Jour, Amcr. Statist. Assoc. (1930): p. 404. 

t Subramanian: do. do. : p. 316. 


GLEANINGS 

' The straight line offers a curious lobject for analysis. It is not for the 
eye a very easy form to grasp. We bend it or we leave it. Unless it passes 
through the centre of vision, it is obviously a tangent to the points which have 
analogous relations to. that centre. The local signs or tensions of the points 
iij such a tangent vary in an unseizable progression; there is violence in 
keeping to it, and the effect is forced. This makes the dry and stiff quality 
of any long straight line, which the skilful Greeks avoided by the curves of 
their columns and entablatures and the less economical barbarians by a 
profusion of interruptions and ornaments. 

George Santayana: The Sense of Beauty. 


A fire mist and a planet, 

A crystal and a shell, 

A jellyfish and a saurian, 

And caves where the cave-men dwell 
Then a sense of law and beauty, 

And a face turned from the clod; 

Some call it Evolution, 

And some call it God. 

William Herbert Carruth. 
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Newton’s Mechanics was designed for a Superman, who is himseif at rest 
and can observe distant bodies instantaneously and measure absolute space 
and time exactly. A poor human observer is not aware of his own exact 
motion through space and can only employ a messenger like light who travels 
with a finite velocity only. Nevertheless, Newton’s Law of Gravitation had 
signal triumphs when after explaining the motion of the moon round the 
earth and of the earth and the other planets round the Sun it led to the dis¬ 
covery of unknown planets The position of the planet Neptune in the 
Heavens was calculated by two astronomers independently from its effect on 
Uranus, and was observed at the predicted spot. As recently as 1930, Pluto 
was discovered as a result of calculations made by Lowell, though it is really 
doubtful whether on account of its small mass it could really have been predic¬ 
ted on those calculations. 

But in some other respects Newton’s Law has undoubtedly broken down, 
and has been dethroned by Einstein’s Theory. But Relativity cannot be 
regarded as the last word on the subject. Relativity in its turn has certainly 
failed in at least two respects. First, according to it, there is in its Universe, 
so to speak, some cosmic form of repulsion which increases with the distance, 
that is to say, bodies repel each other more if they were further apart, an 
unnatural result. The consequence is that everything must be scattering away 
and heading towards swift disintegration. The whole universe is expanding 
or rather exploding away at a terrific pace. It was Dr. Hubble who definitely 
observed this effect and laid down what is called the linear proportionality 
law. But Dr. Hubble himself in his Rhodes Lecture at Oxford delivered in 
1936 showed that an examination of the statistical observation of the nebulae 
demonstrates that there is no such expansion of the Universe at all. The 
apparent recession of the nebulae can be explained far more satisfactorily by 
an inherent loss of energy as light travels through the vast space during 
millions of years before reaching the earth. 

Secondly, Rhoyd’s photographs taken on the occasion of the total solar 
eclipse in June 1936, show that Relativity is 100% wrong in regard to the 
spectral shift from the edge of the Sun. 

In a few months we may know whether Relativity is at all confirmed as 
regards the deflection of light from stars. 

Sir Sulaiman’s symposium lecture was illustrated by over a dozen slides 
showing how his theory lay midway between Newton’s law and Einstein’s 
Relativity, and how his equation was derived without Relativity postulates. 
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Discuseion on the Teaching of Mathematios in 
Schools and Colleges 

Thursday, the 17 th March , 1938 . 10-30 A.M. 

Chairman: —Dr. R. P. Paranjpye 

Dt. T. VijaYARAGHAvan (Dacca) who initiated the discussion stressed 
the need for continual attention to the essentials of all mathematical reason¬ 
ing, namely a steady logical progress from a set of hypotheses to a conclusion. 

Prof. J. A. Strang (Lucknow) while agreeing with the previous speaker 
pointed out that the average student is very far from having reached any such 
general view-point. For many mathematics remained an affair of water-tight 
compartments having little in common. One of the aims of every teacher 
should be to break down this isolation of different branches and weld Algebra, 
Geometry, Calculus and the rest into a powerful weapon of thought, charac¬ 
terised by a single method. As regards University instruction, the historical 
approach was valuable as a means of arousing and maintaining the interest 
of the student and widening his outlook. 

Dr. R. Siddiqi (Hyderabad, Deccan) suggested the appointment of a 
commission to enquire into the Teaching of Mathematics in Indian Schools 
and Colleges, and suggest improvements. 

According to Dr. Ram BehaRI (Delhi) the aim of teaching should be 
utilitarian and cultural up-to the School Leaving stage, and here, there should 
be no insistence on rigour. At the Degree and Post-Graduate stages, the aim 
should be to give a sound training in the subject maintaining a modern 
standard of rigour, and to give ideas about mathematical discipline. He 
pointed out the need for basing the study of the subject on historical 
background so that the students might know something of the main facts 
of the mathematical past, and the great “ heroes ” of mathematics. He also 
suggested that some mathematicians should use mathematical methods in the 
elucidation of problems in Social sciences and other fields of study, so that 
the subject might become more interesting and useful. 

The part played by examples in the teaching of mathematics was discussed 
by Dr. B, N. Prasad (Allahabad) who thought that too much time was 
devoted to them. The primary purpose of examples was to elucidate the basic 
theorems and for this purpose the simplest examples were the best. 

Dr. A. C. Banerji (Allahabad) considered three possible aims in teaching 
mathematics in the M. A. and M. Sc. classes. Preparation for competitive 
examinations should not be our aim. On the other hand efforts should be 
made to move the Public Service Commission to bring the syllabus of their 
examination into line with the University syllabuses. He felt that a merely 
cultural training could not be the sale aim of a mathematical education. The 
M, A. and M. Sc. courses should be modelled on modern and progressive lines 
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so as to enable the 9tndent to start research immediately after the course. As 
regards scholarships and fellowships, more of them should be made available 
and their duration should be extended beyond two years. 

Dr. B. R. Seth (Delhi) was of opinion that research in Mathematics 
demanded certain inherent qualities and talents and every one should not be 
encouraged to take to it. Many of those who were supposed to carry on 
research did so because of the stipends attached to the work. 

Discussing the aims of teaching Mathematics, Prof. A. Narasinga Rao, 
(Annamalainagar), said that though in the case of most of those who underwent 
a course in the subject the actual content of the instruction in the shape of 
propositions and proofs were later forgotten, there still remained an immate¬ 
rial residuum in the shape of an acuter appreciation of logical relations and a 
maturer aesthetic sense in matters intellectual. This was indeed the most 
valuable result of a mathematical training and it was this which we should 
seek to develop. 

Dr. F. W. Levi (Calcutta) was of opinion that in this country teaching 
was hampered by examinations. Scholarships were often given for too short 
a period to people who felt compelled by their scholarships to publish papers 
of little value. It was desirable to arrange for an interchange of scholars and 
lecturers of different Indian Universities. 

Dr. Ziauddin (Bahawalpur) said that two much stress was being laid at 
present on pure theory. He was for greater emphasis on practical work,, the 
use of the slide rule and facility in numerical computation including the use of 
small calculating machines. 

Prof. D. D. Kosambi (Poona) read extracts from Prof. Hardy’s Address 
to the British Association “The case against the Mathematical Tripos”. 

Winding up the debate, the Chairman Dr. Paranjpye said that in 
teaching any subject we should follow the historical method. Historically, 
results like Taylor’s series and the Fourier’s Expansion Theorem were enunci¬ 
ated and used before the exact conditions of their validity had been investi¬ 
gated. It would be going too far to say that every result should be taught 
along with the full minutiae of its conditions of validity and with rigorous 
proofs. In conclusion he remarked that the object of teaching mathematics 
was not to produce mathematicians but good reasoners from given data. 



SO The Tenth Conference 

Names of Delegates who were present at the Conference 


Abhayankar, S. A., Gwalior. 

Banerji, A. C , Allahabad. 

Banerji, Ekanath, Cawnpore. 
Bhattacharya, D. P., Bareilly. 
Dholakia, K. D., Bhavnagar. 

Gupta, Hansraj, Hoshiarpur. 
Kaprekar, D. R„ Devlali. 
Kewalramani, M. K., Karachi. 
Khanna, H. L., Cawnpore. 

Kosambi, D. D., Poona. 

Kureishy, A. M., Aligarh. 

Lall, Samuel, Lahore. 

Levi, F. W., Calcutta. 

Manerker, S. D. 

Mehrotra, B M., Benares. 

Narasinga Rao, A., Annamalainagar. 
Narlikar, V. V., Benares. 

Pendse, G. G., Baroda. 

Prasad, B. N , Allahabad. 


Ram Behari, Delhi. 

Rengaswami, K., Annamalainagar. 
Sambasiva Rao, K., Waltair. 

Seth, B. R., Delhi. 

Seth, S. D., Cawnpore. 

Shah, S. M., Aligarh. 

Shaikh, A. L., Karachi. 

Siddiqi, M. R., Hyderabad (Deccan). 
Sivasankaranarayana Pillai, S., 

Annamalainagar. 
Srinivasiengar, C. N., Bangalore. 
Srivastava, P. L., Allahabad. 
Subramaniam, S., Annamalainagar. 
Sulaiman, Sir S., Delhi. 
Vaidyanathaswami, R., Madras. 
Varma, R. S., Cawnpore. 
Venkatarayudu, T., Waltair. 
Yijayaraghavan, T., Dacca 



Pk 

O^OSJrtOO 

O <M © ® 

i-H 

A. 

OOOHrtHT|( 

1—1 

wcooo 

rH 

OQ 

M 

HHOflSHtOin 

C* 1 —I <M <X> H o 

40 N H ^ 

i—l 

cc^oo 

400 o © 
H< CO «© lO 
Gs* iO 


UJ 

u 

o 

c n 


< 

O 

i 



z 

< 

Q 

5 

UJ 

I 

H 


CO 

ro 

cn 


e 

9 

o 

y 

y 

< 


B 

V 

e 

V 
*-* 
o 


I 

*3 

I 

W 

W 


g 1 

a 

§ ; : 

.§t?s 

s|s 

.« Si 

R © 

*g OQ hH 
R 

"C3 


M 

c3 . „ 
be 
£ o 

S’-C 55 
• © C 
: GO „ „ 
k, ©."S 2 

a c_ Sts 

3.2 £.® ■“ 

© £ 3 5 S 
H<1h^PP 


: : : *: 


: cs 
o 


bfi 


g-c 

J<l OQ.H 
}) « Oh O 

1 & 

■S »-soQ 

a sc S _ 

^.S 

§,§ § ..s 

■ £ GO O Pk fi, 
«c 

o 

s 


to 

HOOO 

o o o © 

o o 

O O O O O os O j 

Hi 


O os o © 

NONC5 

40 O 

O © O o O rH O 

40 

1—4 

i—1 i—l 

1—1 




40 40 o o 

O 40 00 

1-1 HI 

O O O O O t-1 40 1 

©* 

EC 

1-H OS O O 

imncow 

00 

irtifioooiot- 1 


K 

ifHtOiO 
1—1 40 

co io i> 


H H (M N rH 




: : : : 

; : 


iH 


cC 

© 

«a 

. 

: q : 

■+a 

SJ* 

oU *5* 
o 5 
v © O 
o a 


: : co 

’ s'l 

© e 
.Q C 
c © 

s|s 

. C L o 
■« w 'S /S: M M‘S 
rgbOCO § ^ c3 © 

CCla ®’s-! s s8 
>:? I® 8.0.JS5 a 
Sc8&8e E3ou 

i I 

5 CQ 


© l> 

CO CO 
lO co 

sc ^ 


s 

s 

o 

8 
, a 

; •' 


* $ 

3.9 


u 

© 

*c 

o 

so •. 

X3 ^ 

S3 53 

00 g 


A 

® 

M ^3 

O 5 


© 

> 

S3 o 


-15 X ® K S 

O is H B O 

© '3 £ cq ©" 

I £« 
£| ps> * 


ii-r'l 

c8 c9 (cm 
G0CG ■£? 
§ 


£1 

" IH ’ 

S-a - 


- s 8°° 

© s 

■a a 


Checked and found correct. (Sd.) L. N. SUBRAMAWIAM, 

28— 2 —1938. (Sd.) 0. A. SBENIVASAN. 28—2 —1938. Honorary Treasurer. 














THE INDIAN MATHEMATICAL SOCIETY 

Statement of Accounts for 1937 


p u 

*3 

CD 

P5 


ecOtfiMO®©® 

KONlOC'ft'tE 

r—l 

■^HHOONOrt 
(NH r-( lO 


lO CQ 05 O O 


Wt-NOO 
WH 'f OO 
rt wrtcOirt 


l> 

lO 

tH 

1 


s 

3a 

rt 

I 


SP 

O; 

« 

s 

93 


P -*■=* 

k. ® 

•2 o 
s © 



■•’3 

03 <35 

gm 

^ « 
o 


m 

. .5 . 

• : co 

o 
td 
■+^ • rs 

5 

d © ^ 

OQ-h 
© ® 
O r» O 

<% f 

f»nfl 


fccQ c _ 

.5 £ o ^ 

g>£ S..H 

•~coHh 3^^ § 1§ ^ -ScO OP-ifr 

I rgg s 




Pn 

OO (MO 

rH 

o O O CO 

o 

OOCCH 

r- 

<3 

O CO CO O 

rH 


00 

O O CM t- 


Rs. 

3600 

2453 

304 

500 

om iiM> 
lO ^ lO CM 

CM ^ ^ tO 

242 

O o t-t T-i 

oococo 

(NdH 

O 

f? 




a> 

a 

M 

P 

O 


'635 ss |<g 


a 

►s 



Checked and found correct. (Sd.) L. N. SUBRAMANIAM, 

28—2—1938. (84.) <J. A. SilNIVASAN. 28—2—1938. Honorary Treasurer . 














INAUGURAL ADDRESS 


BY 

Dr. Ii. VAIDYANATHASWAMf, Madras Unnersth/ 

The Indian Mathematical Society started in 1907 for the advance¬ 
ment of higher mathematical study and research, by the late 
V. Ramaswami Aiyar, M. T. N.traniengar and a group of enthu¬ 
siasts, has now had a career of some thirty years. During this 
period, it has performed as well as it could with the facilities at its 
disposal, its task of stimulating mathematical advancement, by pub¬ 
lishing one journal which has lately become bifurcated into two, and 
by holding mathematical conferences once in two years or more 
seldom according to exigencies. In the first stages of the Society, 
its principal preoccupation lay in what is technically termed 
' elementary geometry ’; while much interesting and remarkable 
material can be read in the earlier numbers of the Journal, we do 
not find there a contact with the general spirit and the methods of 
modern mathematical thought. The present generation which has 
succeeded the generation of the founders, comprises several people 
with western training, and now the two journals run by the Indian 
Mathematical Society, as well as the journals conducted by its 
sister localised mathematical societies, may be said to reflect the 
growing assimilation of modern mathematics in this country. This 
is no doubt satisfactory and shews that we are not exactly 
stationary. But at the same time it has to be confessed that the 
ideal towards which we are striving is far from achievement; indeed 
it is not yet even in sight. This ideal is nothing less than the 
creative assimilation in this country of the whole of the modern 
scientific culture in its mathematical aspect, so that the fertile Indian 
mind with its untold potentialities may become seized of the new 
scientific situation, and resolve it in its own characteristic manner, 
in ways which it would be impossible to predict now. Mathematics 
is in a fundamental sense a master key to the scientific outlook of 
the present day, and the distance which separates us from our ideal 
may be estimated from the fact that the advanced pure and 
applied mathematical theories which are nowhere studied in Indian 
Universities well outnumber those which do receive any sort of 
study. At our present rate of progress, it will take a considerable 
period of time—certainly much more than a generation—before a 
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respectable level of mathematical culture can be reached in our 
Universities. The pace has therefore to be quickened; and the res¬ 
ponsibility therefor devolves on the Universities, whose function on 
the one hand, is the active promotion of higher study and research, 
and on the other, the raising of the level of college instruction, so 
as to keep pace with the advance of research. 

The explanation why Indian Universities are not as effective as 
they might conceivably be, in their double task of prosecution of 
research and its infusion into college instruction, can no doubt be 
sought in the troubled phase of political, social and cultural trans¬ 
formations through which we are passing, and the consequent stress 
of public activity and its diversion in various channels. But we are 
concerned here not with explanations, but with envisaging what has 
yet to be achieved, and figuring out the ways and means of doing it. 

To achieve the full quickening of scientific knowledge based on 
the mathematical outlook, a necessary condition is the recognition 
of the high value of mathematical research, and of the young men 
in whom the research activity manifests. It is sometimes said that 
genius is born, not made, in such a way as to suggest that mathe¬ 
matical researchers are freaks of nature, endowed with an innate 
power of fulfilling themselves independently of social or environ¬ 
mental conditions. In so far as such statements may be made with 
the intention of disavowing responsibility for the proper utilisation 
and fulfilment of gifted young men, they are definitely false and 
misleading. Mathematics like all sciences is a social and insti¬ 
tutional activity. Mathematical insight and sensitiveness to mathe¬ 
matical form, which are necessary for research, though not widely 
manifested, should not yet be called rare ; we can indeed find several 
instances of them in every batch of students passing out from any 
of our Universities. The racial value of these qualities has to be 
appreciated and realised, and when one of these students takes up 
research, and proves himself capable of a new and original approach 
to mathematical ideas, he should be regarded as an asset to the race 
in the gTeat struggle, which we vaguely indicate by the word 
1 civilisation ’. Instead of damping his enthusiasm and putting obs¬ 
tacles in his path, institutional facilities should be so arranged as to 
draw him on from work to work, maturing and fully developing his 
faculties, and finally settling him in that life-work and career for 
which he is best fitted. That there are instances in India, where 
young men who have proved their worth in mathematical research 
have been forced to take to non-academic occupations, indicates that 
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a high sense of academic and human values in genera!, and of the 
value of mathematical research in particular, does not always inform 
the administration of the academic bodies in this country. 

The Americans have developed to a high degree of perfection, 
their organisations of institutions for higher study, and their 
methods for stimulating research. In our present stage of scientific 
culture, we might do well in following up some of their methods. 
The art of administration consists in the judging of the available 
human material with reference to the ideal to be achieved, and the 
inducing it to put forth the best that it is capable of. I, for one, do 
not think that the best that the existing Indian mathematicians are 
capable of, is being got out of them. In the world of ideas, publica¬ 
tion is the social symbol of final achievement; and though there are 
several Indian Mathematicians who have done substantial work in 
particular directions, we have not yet begun to write treatises or 
books on advanced mathematical subjects. If an academic body in¬ 
vites each mathematician to write a work on a prescribed subject, 
connected with his previous work, the carrying out of this task will 
not only fully develop the writer himself, but the publication of such 
works will be the first step in the building up of an indigenous 
mathematical tradition. Our own society could of course follow in 
the footsteps of the American Mathematical Society, and undertake 
this work and issue Colloquium publications, if it only possessed the 
necessary funds ; pending the acquisition of funds, this task must be 
left to the Universities. The cost would not be much, and could if 
necessary be made up by cutting down some of the expenditure on 
casual lectures which leave no permanent impress behind them; on 
the other hand, the advantages in the direction of popularisation of 
higher mathematics and incitement to higher study would be con¬ 
siderable. 

Lastly, there is a group of subjects, usually classed as appli¬ 
cations of mathematics, in which mathematical concepts and methods 
are guided and controlled by the nature and requirements of the 
particular subject-matter concerned. Historically, Mathematics has 
both influenced and been influenced profoundly by such applications. 
Subjects of this sort—like Mathematical Economics, Statistics and 
the theory of Probability, and the various mathematical theories 
evolved with reference to situations in Modern Physics—are junctions 
where diverse streams of knowledge meet and mingle, and are 
specially sacred to scientific discipline—and for the same reason that 
Prayag is sacred. By immersion in such junction-subjects, the 
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intellect becomes purified and attains to clear vision. Universities 
should evince a partiality for such subjects on account of their 
double character, and the vivid realisations of the meaning of 
mathematics which they supply. 

* One of such junction-subjects is ‘the foundations of mathematics’. 
The fact that it is one of the subjects which have not been taught 
or studied in Indian Universities, is the justification of the meagre 
account of it which I shall attempt here. This subject is concerned 
with the systematic and critical account of the ideas and processes 
of reasoning involved in the derivation of the concept of real 
number. The study of these ideas and processes of reasoning will 
naturally have intimate relations with Logic and Metaphysics. Our 
ancient Indian philosophers were generally inclined to class ‘number’ 
in the category of ‘ gunas' or qualities, but did not seem to have 
been aware of the immense possibilities which lurked in the number- 
concept. The different views which one can take in regard to the 
foundations of mathematics raise fundamental philosophic issues, 
and can be profitably studied not only by mathematicians, but by 
philosophers and students of philosophy. As a general principle, 
philosophy should not be taught on abstract lines from books, but in 
relation with the living problems of the present; and the greatest 
philosophical problems of the current century definitely centre round 
the disputes about the foundations of mathematics. 

The three main directions along which the theory of the 
foundations of mathematics has developed are Logistic or Logicism, 
Formalism and Intuitionism. The first or logistic view attempts to 
exhibit mathematics as a branch of logic. The attitude of mind of 
the logistic philosopher may be described roughly thus: ‘ Logic is 
the science of reasoning i.e. it is an account of the principles 
involved in arriving at true conclusions, starting from true premises. 
Mathematics most certainly consists of true propositions about the 
real world, which have been arrived at by rigorous deduction from 
true premisses. At first sight, however, it appears to contain 
elements which cannot belong to logic e. g. the concept of infinity 
in its various forms and applications. In fact, Poincare asserted 
definitely that the intuition of the unending series of natural 
numbers, or in other words, The principle of mathematical induction , is 
the one extralogical element in mathematics, and that any attempt 
at proof of this principle involves a vicious circle. But it is open to 
us to enlarge and revise our logic, by accepting such fundamental 
notions as basic principles on a par with the law of contradiction. 
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When we do this, mathematics could be exhibited as a branch of 
logic, thereby reaching the status of a science whose conclusions are 
true and relate to the real world.’ 

Thus the revision and the enlargement of the scope of 
traditional logic were undertaken as a preliminary to the reduction 
of mathematics to logic. The first step was to symbolise logic, that 
is, to reduce it to symbols operated by definite rules, so that all the 
basic principles and elements required in the process of reasoning 
were enumerated and taken account of. The next step was to get 
beyond the limitations of Aristotelian logic. The two main defects 
of the Aristotelian scheme are: 

(1) It makes no distinction between two different kinds of 

relations between propositions, namely those which refer 
to the constituents—subject and predicate—of the proposition, 
and those which involve no such reference. 

The theory of the latter type of relations may be described as the 
calculus of unanalysed propositions, or the molecular theory of pro¬ 
positions, and is usually treated first in books on mathematical logic 
under the title of Propositional or sentential calculus. The relations 
which are studied in this calculus are those expressed by the word 
not, and by the conjunctions and, or, if. If V and q are propositions, 
the proposition, “if p then q” is written pDq (p implies q), and the 
implication pDq is usually interpreted in the weak sense “not-jo or 
q." From this weak interpretation of if, it follows at once that a 
false proposition implies every proposition and a true proposition is 
implied by every proposition. Symbolising and and or by • and +, 
the axioms of the Propositional calculus as given in Principia Mathe- 
matira are: 

X + XDX 
XDX + Y 
X+YDY+X 

(XDY) O ■ [(Z + X) D (Z + Y)} 

{X + (Y + Z)} D{Y+(X + Z)}. 

The theory of the former type of relations is met in Symbolic 
logic by the conceptions of Variable and Propositional Function, and 
the classification of propositions into particular and universal is 
achieved by introducing two quantification-symbols, namely the All¬ 
symbol and the existential symbol. 

(2) The second and more serious defect of the Aristotelian logic 

is that it considers in effect only subject-predicate types of 
propositions. 
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It is unable to give proper account of a reasoning in which rela¬ 
tions are involved; e.g. of the reasoning in ‘ If there is a son, there 
must be a father.' In the Principia malhematica , propositional func¬ 
tions of a single variable, answering to the scope of classical logic, 
are treated first, and relations, which amount in substance to proposi¬ 
tional functions of several variables, are treated later. But in modern 
symbolic logic, the word predicate is often used, both in affirming an 
attribute of a single subject, and in asserting a relation between 
several subjects. 

It was the first task of logistic theory to resolve the notorious 
contradictions in mathematical reasoning, like the paradoxes of 
Russell, Burali-Forti and Richard. This was done by Russell’s doctrine 
of types, according to which the possible values of the argument of a 
propositional function were restricted to a certain type. But this 
doctrine of types does not give a good account of the situation in 
mathematics. In mathematics, a bounded set of real numbers has an 
upper bound which is also a real number ; now, each real number is 
a class of rational numbers, and the upper bound is therefore a class 
of classes of rational numbers, and this though it belongs to a higher 
type than the real number can yet be identified with a real number. 
To explain this ‘completeness of the real-number system’, the axiom 
of reducibility was invented, according to which there is a predicate 
of the lowest grade having the same extension as a predicate of any 
grade. This axiom seems to run counter to the very purpose for 
which the doctrine of types was invented, and its logical status is 
dubious. 

On the basis of these ideas and principles, the logistic treatise 
‘ Principia Mathematica' claims to reduce the number and function- 
concepts of mathematics to pure logic. Some of the defects in the 
Principia scheme have been pointed out by later writers and alter¬ 
natives have been proposed. 

According to the formalist view, the central fact about mathe¬ 
matics is that mathematical symbols are capable of divergent inter¬ 
pretations, and must therefore be meaningless in themselves. Histori¬ 
cally this was first realised in the case of geometry. Thus in PoincarAs 
picture of plane hyperbolic geometry, in which there are an infinity 
of non-intersecting straight lines, the word ‘ point ’ is interpreted to 
mean point within a circle C, and 1 straight line ’ to mean arc of cir¬ 
cle' orthogonal to C, contained within C. With this interpretation all 
the axioms of the geometry are true, and naturally all the results 
are also true. Therefore the words ‘point’, ‘straight line', ‘inci- 
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dence* distance ‘ angle ’ occurring in hyperbolic or any other 
geometry, must be regarded as not denoting any definite types of 
object in themselves. They receive of course a partial implicit speci¬ 
fication through the relations expressed by the axioms, but otherwise 
the words have no content whatever. Hence also mathematical pro¬ 
positions have no content, and therefore, though they can be deduced 
from the axioms, cannot be spoken of as true in themselves. 

If we develop this attitude of mind, the view at which we arrive 
is that mathematics is i mode of operation with symbols which have 
no content, i.e. which do not refer to anything in particular. Certain 
combinations of symbols are given beforehand called axioms; also cer¬ 
tain rules for deriving new propositions from given propositions. 
All propositions which can be derived in this manner from the 
axioms are called demonstrable propositions. The whole of the formal 
structure may be compared to a system of signs or a language. 
What the significant combinations of symbols are to be, and what 
symbols are to represent a proposition must be decided by reference 
to the meaning of the symbols in a particular interpretation. These 
are analogous to the rules of syntax of the language. If the name 
‘ mathematics ’ is restricted to the purely formal deduction of 
demonstrable propositions from axioms, these considerations depend¬ 
ing on the meaning of the symbols in any interpretation must be. 
given another name ‘ metamathematics ’ or ‘ Theory of Proof ’, or 
1 Theory of Deductive Systems ’. In a large sense then, mathematics 
including both aspects may be described as the study of ‘ the formal 
structure of symbolic deductive systems’. This includes logic as well, 
as the propositional calculus, alone or with the calculus of functions, 
forms such a deductive system. 

The most important structural qualities of a symbolic deductive 
system reposing on a set of axioms are determined by the consistency, 
independence, and completeness of the latter. A set of axioms is 
consistent if a proposition and its contradictory cannot both be deduced 
from them. If the set is inconsistent, then since p. r ->pDq, every pro¬ 
position is demonstrable; conversely, the existence of a single refuta¬ 
ble proposition is a proof of the consistency of the system. The set 
of axioms is independent if none of the axioms is a consequence of 
the remaining; lastly, the set is complete, if every proposition (in the 
language supplied by the axioms) is either demonstrable or refutable. 
Metamathematics is largely concerned with the investigation of these 
properties of axiomatic systems. The calculus of propositions is an 
example of an axiomatic system, and its consistency can be directly 
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established by the construction of refutable propositions, by a method 
known as ‘ the method of truth-values 

More generally the Entscheidungs problem, namely the problem 
of deciding in a finite number of steps whether a given proposition 
is demonstrable or refutable or neither from a given set of axioms, 
is the major problem of metamathematical theory. It has been solved 
only for the simpler types of deductive systems; e. g. the proposi¬ 
tional calculus, and the Aristotelian type of function-calculus i.e. 
calculus of propositional functions of a single variable. No general 
method is known by which the problem can be solved for more com¬ 
plicated deductive systems, in particular for Arithmetic. 

The parallel postulate occupies a special position with reference 
to the remaining axioms of Euclidean Geometry, in that it can be 
neither demonstrated nor refuted from them. The remarkable result 
has been proved by Godel that the Principia Mathematica deductive 
system, and a large class of like deductive systems are similarly 
incomplete; i.e. that there are formulae of the system which are 
neither demonstrable nor refutable in the system. The proof depends 
on the same principle as Richard’s antinomy. The domain of the 
variables in the Principia deductive system may without loss of 
generality be considered to be the natural numbers. On account of 
the nature of the deductive process, the aggregate of demonstrable 
formulae must be enumerable ; it will not be difficult to construct an 
actual scheme for enumerating them, as is done for instance in 
Camap’s recently published book ‘The Logical Syntax of Language'. 
These demonstrable formulae define propositional functions of a single 
variable, the aggregate of which must be likewise enumerable. Let 
such propositional functions be enumerated and let R {n) denote the 
such function. Since the domain of the variables is the totality 
of integers, the propositional function R(n) defines a class of integers 
which may likewise be denoted by R(n). Let K denote the class of 
integers n which do not belong to R(n), i.e. of integers n such that 
n 6 R(n) is not demonstrable in the system. We can easily shew that 
the propositional function corresponding to K is constructible in 
the system itself; hence R is an R(g). Then the proposition q £ R(g) 
is neither demonstrable nor refutable in the system. For if it were 
demonstrable, it would be true and therefore q would belong to K. 
Therefore by definition of K, q £ R(g) is not demonstrable in the 
system. If on the other hand it were refutable, then the negation of 
q £ R(?) would be demonstrable; hence q does not belong to k and 
therefore belongs to R(g), Hence both q £ R(g) and its negation would 
be provable, which is impossible. 
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This theorem seems to shew that the usual formalist methods of 
proving consistency have their limits, and that incompleteness is the 
characteristic of most deductive systems. The formalist theory has 
done great service to mathematics through its investigation of general 
deductive systems and its perfecting axiomatic technique. 

The differences between logistic and formalism are not serious 
enough to stand in the way of their being welded together; in actual 
practice the outlook of the mathematician partakes of the view¬ 
points of both of thorn. Intuitionism however stands apart from 
them in its insistence on certain truths of a deeper character, and 
its expression of them in a revolutionary and paradoxical form. To 
stress the dynamic and creative character of mathematics, as against 
the static, view to which the logistic and formalistic theories point, 
Intuitionism asserts that, the objects of mathematics do not exist in 
a pre-determined transcendent state of being independent of the 
human mind, but are actually created and shaped by the Intuition 
which perceives them. Hence against formalists Intuitionism would 
urge that mathematical science deals with concrete objects, namely 
the cardinal integers and the relations which arise from them, which 
are presented to and have been constructed by the Intuition. 
Against logistic which believes in the pre-eminence of logic, 
Intuitionism would urge that Mathematics requires no other discipline 
as its presupposition, not even Philosophy or Logic, but is on the 
other hand the presupposition for every other discipline including 
Philosophy and Logic; for the mathematical intuition is the 
primordial intuition which perceives the natural numbers, and which 
can hardly be distinguished from Time-consciousness itself. Intui¬ 
tionism derives certain crucial doctrines from this general position, 
which may be described as realistic in contrast with the idealistic 
position of logistic and formalism. Thus it follows from the doctrine 
regarding the nature of mathematical objects that mathematical 
existence means or is equivalent to constructibility in intuition; it 
also follows that mathematical problems which have remained 
unsolved, resisting all attempts at solution, need not necessarily 
possess a solution. If this is accepted, we can no longer say, that 
every mathematical proposition must in itself be either true or false, 
apart from any question of its being experienced as true or false in 
our constructive intuition; in other words, we must give up the 
principle of the excluded middle. This result should be compared 
with the formalist conclusion of the existence of incomplete systems 
(Godel's theorem); the existence of dubious propositions which is 
arrived at by the formalist, by the analysis of deductive systems, te 
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reached by the Intuitionist by a direct tour de force , involving the 
surrender of the principle of the excluded middle. 

The denial of the principle of excluded middle in the case of 
infinite aggregates, leads to revolutionary alterations in the results of 
classical mathematical analysis, for example in the notions of real 
number, limit, and convergence of infinite sequences. Several of the 
fundamental theorems of classical theory of functions of a real 
variable have to be given up, as they cannot be proved without 
appealing to the principle of excluded middle. The new form of 
function-theory which can be arrived at is very much more 
complicated than the classical form. 
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REVIEWS 

Madhusudan Sarkar and BENODE Behari DUTTA Astronomy 
Revised Edition (Kamala Book Depot, Calcutta) 

Price Rs. 5/- 

The book under review is the outcome of an attempt by the authors to 
produce a suitable text-book on astronomy that will meet the requirement of 
college students in India preparing for University examinations. Astronomy 
in most Indian Universities is studied only as one of the subjects for a course 
in Mathematics, without much emphasis being given to the observational side 
of the science; and a text-book intended for such a course has necessarily to be 
written with this object in view. The present volume, although appearing to be 
only an addition to the number of text-books already available, possesses 
certain features which are likely to make it useful to students beginning the 
study of the subject. Considerable care has been exercised in the choice of 
material and the plan of presentation is uniformly good. 
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A commendable feature of the book is the inclusion of matter that usually 
forms part of descriptive astronomy such as the system of stars and nebulae, 
the spectroscope and its applications. The treatment, in this part of the book 
is rather too brief; and perhaps one may be permitted to remark that the des¬ 
criptions are not clear in some places and the explanations have not been given 
with sufficient precision. A few mistakes are also met with ; for example, it 
may be observed that in the classification of variable stars p. 265, the name 
d Lyrae variables seems to refer to Cepheids which form a very important class 
of short period variables. While explaining the phenomena of variation p. 266, 
no mention is made of the pulsation theory of Cepheids. The term “ variable 
star clusters ” in page 271 is apparently intended to mean the well-known 
“ cluster variables ” which are also Cepheids, a class of stats of great importance 
in connection with the determination of parallaxes of globular clusters and 
other remote objects. The word ‘opticians’ in the same page appears to have 
been used instead of ‘ astronomers'. There are some obvious misprints which 
need not be given here; it is hoped that these will be rectified in the next edi¬ 
tion. If one may venture a suggestion, the authors may take the opportunity 
to revise the descriptive part of the book thoroughly and, if possible add 
reproductions of a few typical photographs illustrating the objects described. 

The collection of questions and numerical problems given by way of exer¬ 
cise is sure to be helpful to the beginner in understanding the principles of 
the subject. The book can be recommended to college students taking a course 
of astronomy for degree examinations. 


GLEANINGS 

The revolution of the corpuscle 

A corpuscle once did oscillate so quickly to and fro. 

He always raised disturbances wherever he did go. 

He struggled hard for freedom against a powerful foe— 
An atom—who would not let him go. 

The aether trembled at his agitations 

In a manner so familiar that I only need to say, 

In accordance with Clerk Maxwell’s six equations 
It tickled people’s optics far away. 

You can feel the way it’s done, 

You may trace them as they run— 
dy by dy less d$ by dz is equal K 'dXjdt 


While the curl of (X, Y, Z) is the minus d/dt of the vector (a, b, c). 

Some professional agitators only holler till they’re hoarse, 

But this plucky little corpuscle pursued another course, 

And finally resorted to electromotive force 
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Resorted to eleclromotive force. 

The medium quaked in dread anticipation, 

It feared that its equations might be somewhat too abstruse. 
And not admit of finite integration 
In case the little corpuscle got loose, 

For there was a lot of gas 
Through which he had to pass, 

And in case he was too rash. 

There was sure to be a smash, 

Resulting in a flash 

Then dy by dy less dS by dz would equal K 'dXfdt. 


While the curl of (X, Y, Z) would be minus djdt of the vector (a, b, c) 

The corpuscle radiated until he had conceived 
A plan by which his freedom might be easily achieved, 

I’ll not go into details, for I might not be believed 
Indeed, I’m sure I should not be believed. 

However, there was one decisive action. 

The atom and the corpuscle each made a single charge, 

But the atom could not hold him in subjection 
Though something like a thousand times as large. 

The corpuscle won the day 
And in freedom went away 
And became a cathode ray. 

But his life was rather gay, 

And he went at such a rate. 

That he ran against a plate; 

When the aether saw his fate 
Its pulse did palpitate. 

And dy by dy less dS by dz was equal K.dX;dt. 


While the curl of (X, Y, Z) was the minus dldt of the vector (a, b, c) 

A. A. R. From G. F. Hull’s 
An Elementary Survey of Modern Physics. 
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A NEW STUDY OF THE HALF-REGULAR 
CONTINUED FRACTION* 

BY 

A A. Kbishnaswami Ayyanuak, Mysore . 

In this paper we propose to study the structure and properties 
of the several types of half-regular continued fractions by means of the 
transformations which convert a simple continued fraction into a 


half regular one 


of the type 


to + 


Ci C 




b\ + hi + -t- bn 4 

where |C»|=1, >1. and bn a positive integer >1, it final. 

For convenience, we adopt the following notations : 

(i) (bo ; b\, bi, ■ ■ 


) - bo 4 - ,— 

bi + bi + 


(ii) (bn, b 1, 2, ' * * btijr ) + 

1 11 1 
bn — /»*.]— httf .» “• l-n±r~ 


bn f 


(iii) (h [rl ) s 


+ b 


(r terms) 


(iv) Sr n = br -t fv+ 1 + • • • +i)r t »-i, where br, • ■ b,,n-\ are the 
successive partial quotients of the half-regular continued fraction 
Ci C 2 


bo + 


b x + bt + 

§ 1. Sets of Transformations 

1-1 Ei-tr&nafonnation. 

By repeated application of 
1 


<*> »“ 1 " t+ (FT) 


(traceable to Lagrange* 55 ) we can go on 


* Conr.buted to the Tenth Conference of the Indian Mathematical Society, 1938. 
t Thia and other subsequent numbers in brackets appearing between consecutive 
lines relate to references at the end of the paper. 
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diminishing a partial quotient greater than 1 and increasing at the 
same time the number of partial quotients. 

Thus, (br- 1, hr, .) 

= ( 6,-1 + 1 , ", 6 ,- 1 ,.) 

= (6,-i+ 1, 2, T, 6,-2,.) 

= (br., +1, 2, 2, ", l, - 3, • • • ) 

- (6,-i +1, 2,*]. ", 6,-/, -1, ■ • • ), (A-<6,-1) ... (1) 

This transformation can evidently be continued up to k = hr - 2 , 
or 6 - 3 according as 6, is a medial partial quotient greater than 1 
or a final quotient greater than 2, k being zero t or a positive 
integer. We call it the Ei-transformation. Here, the partial quo¬ 
tient br (>1) is replaced by /,• + 2 new partial quotients, while 6, itself 
is reduced by A- + 1 , the succeeding partial quotients, if any, being 
unaffected. 

The maximum number of additional partial quotients that can 
thus be introduced is 6, -1 or 6,-2 according as 6, is medial or final; 
there are also just as many ways of applying the Ei-tranformation 

to the partial fraction -7-- 

■** ur 

We further notice that 

8,-1, « - m (= 6,_i + 6, - 2) ... (2) 

is invariant under this transformation. 

This property, being true for every Ertransformation, is also 
true for any aggregate of El-transformations. 

1-11 Es, Eg, and P-transformations. 

When the Ertransformation is pushed to its extreme limit, 
•we have 

(i) (6,-1, 6,) =* (6^_j + 1, 2j frr _-j, T, 2\ 

and (ii) (br-u br, 6> t i, * * )-(b r _ , +1, 2^, r _ 2 j, 1, 1, b r + ,, • • • * ) 
called the extreme Ertransformations. 


t When £*o, the terms 2 simply drop out. 
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We may now apply a variant of (a), viz., 


(/3) * = 1 - ^ , to the last term in 

~z - in (ii), and obtain 

+ I + Ur H 
(hr- 1 , b>) — (ftr-l + 1, 


(i) and the terms 


... (3) 


called the Ertransformation when hr (> 2 ) is a final quotient and 
(hr- 1, br , hr + 1 , •••■)= + 1, 2|(, _ , /)| 11 + 1, ■ • • • ) ... (4) 

called the E.rtransformation when M> 2) is a medial partial 
quotient. 


The transformations (3) and (4) we call P-transformations 
when br” 2. ... (5) 


It may be noted that the difference between the number of the 
partial quotients and their sum is increased by 1 on account of the 
Er or the final P-transformation and by 2 on account of the E 3 - or 
the medial P-transformation. 

112 New Convergents 

From (3), we have 

(bf-i+ 1, 2 [jt ) ) = (hr~ 1 , A+l), so that 

(bn; h 1 , h 2 , • • - lh -1 + 1 , ) is the (k + 1 )'* intermediate 

convergent between the principal convergents of the (r - 2 )"‘ and P* 
orders. 

Again, (lh- 1 , 1) - (hr-i+1), and 

(lit -1 + 1, 2[j,j, 1) (hr -1 + 1, 2^ 1) 


■- (hr- 1 ), 

and hence (bo ; hi, hj, • • • br-t + l, 2 [t j, 1) is the principal convergent 

of the (r -1 y* order, while (b»\ hi, h 5 . • - • ■ hr_i + l) is the first inter¬ 
mediate convergent between the principal convergents of the (r-2)" 1 
and r ih orders. 

We may now state the following results: 

(i) The Ertransformation applied to the P* partial fraction 
intToduoes after the principal convergent of the (r - l) lh order the first 
(A + l) intermediate convergents that come between the principal 
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convergents of the (r - 2 )‘* and r ih orders and then the principal 
oonvergents of the (r - 1 )' A and r lk orders of the simple continued 
fraction. 

(ii) The Ertransformation which applies only to the last 
term of a finite simple continued fraction, just misses out the penul¬ 
timate convergent and interpolates before the last principal convergent 
the entire gamut of intermediate convergents. 

The E3-transformation has a similar effect; but it preserves the 
next following principal convergent also. 

(iii) The P-transformation applied to ~ (medial or final) 

' At 

simply substitutes an intermediate convergent for the preceding 
principal convergent and does not affect the other convergents. Thus, 
every one of the new convergents after the transformations is either a 
principal or intermediate convergent of the corresponding simple 
continued fraction. 

N. B. —The Er, E>-, and Ertransformations are called exten¬ 
ding transformations, since they increase the number of convergents 
in the new continued fraction; while the P-transformations preserve 
this number. 

1-2 Annihilatory Transformations 

There are two fundamental transformations that may be employed 
with reference to consecutive unit partial quotients: 

( 1 ) Those which affect the partial quotient immediately prece¬ 
ding the first unit partial quotient; 

( 2 ) those which do not do so. 

We call them ‘CY, ‘CP respectively, when successive unit partial 
quotients are either modified or annihilated as noticed below. 

1-21 The Ortransformation 

We have 

(br, l[f] , l'r + lf- 1 , .) 

“ (l>,+ 1 , 2 , 1 [(_ 2 ], b u u\ ,••••) by (Ii) 

= (b/+ 1, 3, 2, l [f _ 4l , brtiti 
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= (br + l, 2, / w ,••••) when / is even t ] 

or (ftr + 1, 3p_jj, h rt , tl + 1 • ■ ■ ) when I is odd tt 

The expression S,,„ + n. is unaltered by this transformation; if 
n m t + 2 before the transformation, it is after the transformation equal to 

f '~ : or according as / is even or odd, . . ( 7 ) 

N. B. —This statement is true for the following transformation, 
only when t is even. 

1-22 The Or transformation 

We write 

(br, lj^j, hr t in ,••••) 

= (br, 2, 2, bt \< t i , • ■ • 

— {br, 2, 3 , 2, lj| ^5J» bi,‘ ,i , * 




= {br, 2, 3 r ( _ 3 -i , 2, • • •) when 1 , is odd ttt(>l) 

l - 2 J 

or {b,, 2, 3r ( _ 2 i, 6,+iti + !,-••) when t is even i 

1 2 J 

1-23 The c,c/-transformation 

A third method of annihilation is what may be called the eclectic 
method, which is a combination of the Crand (Vmetheds applied 
partially to the unit partial quotients. It is important, to note that 
the partial Crtransformation applies only initially and absorbs an 
even number of consecutive unit partial quotients, while the partial 
C-rtransformation applies initially, medially and finally, absorbing an 
odd number of consecutive unit partial quotients in the first two 
cases and an odd or even number in the last case, symbolised accor¬ 
dingly by cf or c>‘. The eclectic transformation can, therefore, be 
only one of four types; 

(i) cicjcj.c/; (ii) ctcjca.c;°; 

(iii) C3C2C3. c /; (iv) CaCjCj.0°. 

t When t-2 the term J drops out; ft similarly when f-1 and ttt when r=j 
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Let t be the number of consecutive unit partial quotients affected 
by an eclectic transformation. 


In the first two types, suppose ci absorbs k unit partial quotients 

and the <Vs, (say r in number) absorb respectively 1 \, h, . I, 

quotients. Then the reduction in the number of terms due to this 
transformation is given by 


k l '^ 1 1 , -1 ] r lr-1 t-r +1 t — r 

„ + 2 ' + o or —— =--— or 

* i = i * 2 2 2 2 


... O) 


according as L is even or odd, since / = />■ + ^ /,■ 

i=i 

The maximum reduction will occur when r -1 or 2 , viz., for the types 
C1C3', tie/', cincf, and cvic-f. 


Similarly, it can be shown that the maximum reduction for the 
types (iii) and (iv) will occur when r = 2 or 3, viz., for 

<V/, c,c/', nncf, and cac-sca 0 , 

The scheme of reductions in the number of terms due to the 
application of the above eight special types of eclectic transformations 
is as follows: 


Type 

r 

t 

Reduction 

c'i Ci‘ 

1 

even 

t ’2 

('100° 

2 

»i 

(1 ~ 2)/2 

C2Ci° 

M 

„ 

51 


3 



C\Ci 

1 

odd 



2 

„ 

ti 


„ 

St 

1) 

CzCiTz 

3 

»» 

« - 3 ) 2 


From the above tables we find that those which give the minimum 
number of partial quotients among the eclectic transformation are 

(1) c\ci‘ when t is even, 

and (2) cir* 0 , rirjc/, and or./ when t is odd, due to a reduction of 

ti 2 terms in (1) and - - ^ terms in (2). 

z 


But the Ci-transformation gives a reduction of tj 2 terms when t is 
even and — terms when i is odd, while the Cj-transformation gives 
the reduction of t/2 terms when / is even and terms when t is odd. 
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Hence, we may enunciate the result: 

Of all the annihilalory transformations, tlic three transformations 
G\, Ci, and <'\cf alone (jive the least number of terms when t is even, while 
Ci is the only such transformation when / is odd. ... (10) 

1-24 The Convergents of the annihilatory transformations 

Applying ( 0 ) to th« (r + l)" 1 partial fraction of the simple conti¬ 
nued fraction 

(i) (fy) ; b\, b i, r ■ hr, 1 In i j, 1, la \ t, .) 

we get 

(ii) (b o; b\, hi, • • • hr + 1 , hr n +1, 1 , / rn, ■ • ■ ) 

and note that the convergent of the r"‘ order in (ii) is the same as 
that of the (r+1)'* order in (i), while all the preceding convergents in 
(ii) are the same as the corresponding ones in (i). 

Applying ( 0 ) again to the (r + 2 )" 1 partial fraction in (ii), we have 

(iii) (bo ; *i, h, ■ ■ ■ b, + 1, /;,,>•* 2, b r + t + 1,.) 

in which the convergent of the (r + l) th order is the same as that of 
the (/• + 2 )‘ h order in (ii) and that of (r t- 3 )"‘ order in (i). 

Thus ( 0 ) applied to a unit partial fraction of (i) just annihilates 
only the preceding convergent, while it keeps intact all the others. 

Now, the Ci and Cj-transformations are merely aggregates of (j 3 ) 
transformations applied to alternate unit partial fractions of a set, 
commencing from the first or the second fraction of the set, and 
therefore annihilate the series of alternate convergents commencing 
from that which just precedes the one corresponding to the initial 
unit partial fraction annihilated. 

Similarly, the eclectic transformations also annihilate sets of 
alternate convergents in a manner appropriate to their eclectic nature. 

Thus, the annihilatory transformations have the property of con¬ 
tracting or reducing the number of terms, when they are applied. 
They do not introduce any intermediate convergents like Ei, Ej, Es 
and P-transformations, while they annihilate some of the principal 
convergents of the simple continued fraction. 

1-25 N. 2?.—Prom $ 112 and § 1-24, we notice the important fact 
that the last two convergents of a finite h. r. 0. F are always equal to 
the last two convergents of the corresponding S.C.F except when the 
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transformation Ej (or P) has been applied to the last partial fraction 
of the S.C.F (to convert it into the It. r. C.F. in question). 

We call this the ‘property of the last two convergents' which 
holds even in the exceptional case, if we replace the last partial 

fraction of the ft. r. C.F by -^ 1 —-■ 

1*3 We have now fully envisaged the three groups (Ei, E->, E3), 
(P), and (Cj, G>, c,\cz • ■ ■ cf, e. { r> • • cf, a, n c , cm ■ • cj°) of 

transformations which convert a simple continued fraction into a half¬ 
regular one. We will next prove the converse, viz., that any half¬ 
regular continued fraction can be derived from the corresponding 
simple continued fraction by applying one or more of the above trans¬ 
formations in a non-overlapping manner. Some of the important 
types that thus occur will be studied in § 3 . 

1-4 Genesis of the half-regular continued fraction 

Let (An; Ai; A2, * * * Ar, Ar,i» .... />,. , 1, ■ • • ) 

be a h.r. C.F, which can be converted into the following C.F by 
Lagrange's Rule <s \ i.e., a repeated application of (a): 

(An; 61 , • • • hr — 1, 1, Am - 2, • • • 1, Ai-1, A s+ i, ■ • • . ) 

where no element is negative but some may be zero!', as for example 

when AfH= 2 . When one or more elements vanish, the C.F. admits of 
a condensation by the coalescence of the non-vanishing partial quo¬ 
tients before and after the zero; for obviously, g— 7= —7-7-. 

u+ 0 + A a+A 

Ultimately, after all the condensations are made, the result is a 
simple C.F. (S.C F.) 

If we now look at the process the other way, we easily find the 

transformations that have gone to alter the S.C.F. into the h.r. C.F. 

For example, when only two alternative elements have coalesced, 
either Ei or P-transformation has been operative, while if successive 
alternate elements have coalesced Ei, E2, or E3 transformations must 
have taken effect. If there be no vanishing elements, evidently then 
one or more of the annihilatory transformations must have effected 
the change. 

It will also be seen that these transformations have affected the 
partial quotients in order from left to right in such a non- 


f No two a?roe» will occur consecutively but-they may occur in alternate places. . 
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overlapping manner that when one of the transformations has 
altered a certain number of positive partial fractions (of the S. C. F.) 
into negative ones, the next partial fraction to be affected by a 
fresh transformation is that which comes after the last negative 
partial fraction. 


We may call this 'the principle of non-overlapping An example 
will make this clear. Consider the finite h. r. C. F. 

1 i 1 i 1 
L 1+ 3-2-2-5 

which becomes after Lagrange’s transformation 

lllllllll 
+ 1+0+211+0+1+0+1+4 


111 
3 + 3 + 4 


(S. C. F.) 


In getting back from the S. O. F. to the h r. C. F, the trans¬ 
formations to be employed from left to right are in order : Ei, Ei; 
applied respectively to the first and second partial fractions 
(of the S. C. F). 

The types of transformation in any particular case are also 
easily suggested by the characteristic sequence of partial quotients 
associated with them ; thus, in the notation of page 1, a solitary 1 
indicates E], a succession of 2's followed by a partial quotient greater 
than 1 indicates Ei, a succession of pure 3's implies Ci and so on. 

It is now plain how the several groups of transformations 
discussed here are sufficient to generate a half-regular continued 
fraction from the corresponding simple continued fraction. 

§ 2. Properties of Residues 

2 1. Lemma I : Of two consecutive residues in a h. r. C. Ft in 
which the first is led by a unit partial fraction, either the absolute 
value of one is less and tbit of the other greater, than i(\/5-l) or 
both are absolutely equal to ((\/5 -1). When two consecutive 
residues have their absolute values equal to j(\/5-l), the first of 
these is led by a unit partial fraction. 


The proof is immediate, since 


i < yizi 


1 + r > 


according as 


1 > V5-1 
x < 2 


t This propositions. also true for the S. C. F. though certain qualifications are 
superfluous in this case 


2 
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1 


■ , c , , 1 £ i/5-1 , 1 _ V5 

Again, if |£ 1 = 1, - + ^ = — g— , and ^ = 


. V5 + 1 c 

we have a - —=-t. 


2 

V5-1 
2 ’ 


and equating the rational and 


irrational parts, we find a = 1, £ = 1. 


Lemma II: If three consecutive partial fractions in a h. r. C. F. 

±1 1 1 

2 -2±n± 

residues led by them are not all less than j\/(5-l). 


occur as in 


then the absolute values of the 


For, J ^ ^ l(\/5 - 1) according as ?/ ^ 2 + ;(\/5-l); and 


if i/ = 2 + 


a + 


■ , and 


1 


while if i/“2- - • • • 

<i + 

is greater than ~l(\/5 - 1). 
Cor 


1 < HV5 - 1), then - • • 

- ?/ a +- 

then i/<2+ - 1) and 


• > i(V5 - 1), 

1 1 
2 - 2 - a + ‘ ' 


1 1 1 

2 -2 -« ± 
than UV5 ~ 1) when a± 


and 


111 

2 -1 +(/ ± 


are both greater 


> 1 . 


2-2 The Ertransformation introduces always one residue of the 
type t 1 or o x 1, and Ertransformations always 

1 i *47. A ”1 T rt 

Hence, a residue absolutely 


introduce one of the type ~~ ~— 

2-2-o 


equal to or greater than j(v5-l) occurs necessarily on account of 
any of the extending transformations. 

2-3. The Ci-transformation, partial or otherwise, introduces 

residues of the types —or ~ i ~ g 'which are both numerically 

less than { and therefore less than KV5 -1). 

The Crtransformation, partial or otherwise, introduces also 
residues less than \ except in the case of the first residue, which is 

led by This first residue is equal to (1^) or (l[ r j, . . . ) where 

r is the number of unit partial quotients absorbed by this CVtrans- 
formation and all the following ones (if any) in the particular 
eclectic transformation considered. 

Now (1 , o) ^ (loe)“^(v/5 -1) according as r is odd or even, 

when «>2. Obviously, r is odd for at least one ertransformation 


it 
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in any eclectic transformation which either involves more than one 
partial crtransformation or is of the type cic a °, the number of 
unit partial quotients absorbed by a° or cars' being always odd; and 
r is certainly even for the transformation c\cf as well as the 
complete Crtransformation absorbing an even number of unit 
partial fractions. 

Hence, a Crtransformation, partial or otherwise, introduces one or 
more residues equal to or greater than -1) in all cases except 

where it occurs once and once only and absorbs a finite and even 
number of unit partial quotients. It is therefore remarkable that 
those unnihilalory trunsforniations which give the least number of partial 
quotients are also just those which make the residues absolutely less than 
KV5-1). ... (U) 

2-4 As regards the medial P-transformation, it introduces (vide 
Lemma II) a residue, absolutely equal to or greater than i(v/5 — 1) 
only under the following circumstances : 

(i) When the partial ^ to which it is applied, immediately 

z 

succeeds a unit partial .fraction , and 

(ii) When the residue in the S.C.F. succeeding ~~ is either equal 

*+■ & 

to i(t/5-l) or in the .form (l^, «,•••) where a > 2 and r odd. (12) 

Hence, in order that a P-transformation may secure a residue 
absolutely less than KVb - 1) in a h. r. C.F., the unit partial fractions (if 

any) just preceding ~ must first be dealt with by appropriate anni- 
T Z 

hilatory transformations and then the P-transformation may be 

applied to -- provided it survives the antecedent annihilatory trans- 

"I" z 

formations and is not followed immediately by an odd number or an 
infinite number of unit partial quotients. Indeed, the partial fraction 

—- will not survive, if it is either immediately followed by an 

z 

infinite or odd number of consecutive unit partial fractions or imme¬ 
diately preceded by unit partial fractions, when these are so annihi¬ 
lated that the residues are absolutely less than h(v'5 -1), unless the 
immediately preceding unit partial fractions (if any) are even in num¬ 
ber and are operated upon by the Crtransformation. When the batch 

of unit partial fractions immediately following- — is even, the appli- 

+ z 

cation of the P-transformation first and then the Crtransformation is 
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tantamount to applying first the (Vtransformation to the even number 
of unit partial fractions and then applying the P-transformation to 

1 

which will not have been affected by the ^-transformation. Thus, 

there is nothing lost by applying the P-transformations after the 
annihilatory transformations Ci, Ca, ck,/ have taken effect appropriately, 
in the process of conversion of a S.C.F. into a h.r. C.F. with all 
residues absolutely less than |(\/5-l). 

2- 5 Summing up, we note that the extending transformations al¬ 
ways introduce a residue numerically equal to or greater than i(V5 - l), 
while among the annihilatory transformations, only Cb, ry/ applied to 
a batch of even number of consecutive unit partial fractions and Ci 
applied to any batch (finite or infinite) of such fractions introduce 
residues all absolutely less than } (\/5 - l); but the P-transformation 
will introduce residues absolutely equal to or greater than ^(v/S-l), 
only when the partial fraction to which it is applied comes immedi¬ 
ately after a unit partial fraction or before a batch of an odd number 
or infinite number of such fractions. In respect of the combination 
of the P and Ci, Ci, c\c/ transformations securing the absolute values 
of all residues less than J(V5-1), it will be convenient to apply the 
appropriate annihilatory transformations first and then the P-trans¬ 
formations optionally to the surviving partial fractions of the type 

. ^ , preceded and followed by partial quotients greater than 1 , 
+ 2 + 

without violating ‘ the principle of non-overlapping ’ observed in 
5 1-4 supra. 

§ 3. Varieties 

3- 1 Vahlen’s Theorem' 8 ’: The reduced fraction pjq (q > 0) admits 
of exactly q different ways of development as a finite, half-regular 

• continued fraction. 

Let plq be expressed as the S.C.F. 

F« = (bo; b\, bii . bn) 

where 6»>1; and let Br be the number of ways in which F,( = (bu; 
b\ . b r )) can be developed into finite h. r. C.F.’s. 

The required h. r. C.F. developments of F„ (including Fn) can be 
divided into two classes : 

I. Those which involve one of our transformations (/3, Ei, Es, 
Ea, P, and the identical transformation) affecting the last partial 
fraction to which it is not directly applied; in other words, the 
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transformation is applied to the penultimate partial fraction so as to 
affect the last partial fraction. 

II. Those which involve a transformation applied to the last 
partial fraction. The processes by which these two classes are res¬ 
pectively derived will be referred to as the first process and the second 
process. 


If bn> 1, we may apply to 


1 

+ bn -i 


(i) Es-transformation when /;«_i > 2, or 

(ii) P- „ „ 611-1 = 2 , or 

(iii) 0- „ „ !>•>. i = l 

these three being the only transformations which affect also h«. 


With every one of the B ». 3 h.r. C.F's equal to F» 2, modified if 
necessary, so as to possess ‘ the property of the last tiro convertjents ' 
(vide § 1-25), we may associate one of the above transformations and 
derive the same number of h.r. C.F's equal to F». 


This is the first process. 

Next, if b» > 2, we may apply to - 1 the identical transformation 

(i.e. keep it intact) or the Ertransformation in one of 6n~2 ways, or 
the Ertransformation and associate each of these bn different ways on 
the whole with each of B„-t h.r. C.F's equal to F„-i mo lifted as before , 
so as to obtain b» B„-i different h.r. C.F s equal to F». 


When 6 ,i = 2, we may apply to either the P-transformation or 

the identical transformation and so deal with it, again, in 6 »( = 2 ) ways 
and by association obtain as before 6 „B»>-i different h.r. C.F s 
equal to F». 

This is the second process. 

On the whole, from the two processes together, we can derive 
B »-2 + 6 nB»_i different h.r. C.F's equal to F„. 

When b»= 1, we can either add 1 to the last partial quotient of 
each of the B»-i, h.r. C.F's equal to F»-i, modified as aforesaid where 

necessary or associate the partial fraction ” + ^ with each of the 

B„ h.r. C.F's equal to F»- 2 , modified as before. We get thus B«-a 
+ bn B*-i different h.r. C.F's again as before. 
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The associations mentioned here are valid on account of * the 
properly of the last two converyents '. For, if 


(l>o ; b i, bi, 


l)r) = C(] + 


Cl C, 

Cl + CJ 


¥ 


— (where |C*'| = 1, k' -1,2 • • k) 

+ c* 


such that the last two convergents of the two continued fractions are 
equal each to each, then, 


(bo; In, bs, • ■ • hr, L+i, 


+ C, tj U _1_ 

C " Cl + Cj+ 4 Ck + brt -1 + 


•for the convergent of the (r + tY h order on the l.h.s. is equal to that 
of the (k + t)‘ h order on the r.h.s., for / = !, 2,. 


We may now state the result: 

If F, = (/jo; In, l> 2 , • • • b,) and Br the number of h.r. C.F’s equal 
to Fr, then Bn-Bn-a + bn B*-i. ... (13) 

Obviously, Bo=l, and Bi = Z>i (vide ‘ Second ’ process). 

U) 

Hence B» = K( 1, n) =q (in the notation of continuants) 

This proves Vahlen’s theorem. 

Note: Though this proof is longer than the usual one (vide 
Perron, p. 157), it has the advantage of giving a better insight into 
the structure of the h.r. C.F’s and their enumeration. 


3-2 We will next discuss the relative lengths of the h.r. O.F’s 
equal to F„ ( = bo + ■ ■ ■ -pY (b»> 1), the length being defined 

\ Oi + + bn / 

by the number of partial fractions in a continued fraction. 

Let the partial fractions of F„ to which one or more of the trans¬ 
formations of § 1 may be applied to convert it into a h.r. C.F. be in 
order 

_i_ _L . l 

+ 6il ’ + bit ’ ’ + bih 

where ti<»a<. 

When 6 <r = 1 (r<fc), the /3-transformation just annihilates it. 

When ^>1, the transformations E 2 , E 3 , P (wherever they are 
applicable) replace the term by exactly (6< r -l) terms; while the 
Ertransformation replaces it by not more than bi r or bi r -1 terms 

according as it is applied medially or finally. 

* 
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Hence, the total effect of the transformations is such that the 
number of partial fractions in a h. r. C. F development can never 
exceed <• 

K k 

n-k+ 2 fyp or /I-A--1+ 2 f'*/ 

= i *=i 

according as »*<« or n - n 

n 

Since l>» >1, 2 5r 1>n-lc + bt L + b, 2 + • ■ l-/h k if it => n ; and 

« 

2 5r >n-A- + 5. I + fc. 2 + - - s-taj, if ii-O 

i 

>n - A + 1 /Hj + Aijj + ■ * + thfc . 

In all cases, therefore, the upper limit for the number of partial 
fractions in a finite h. r. C. F development of F» is 

b\ + 1)2 + • • + bn — 1 *= Si,« — 1 ... (14) 

3-21. From (14) we infer that the longest finite h. r. C. F 
development of F* cannot have more than Si,*-1 partial fractions. 
We will now prove that there two and only two longest h. r. C. F’s 
having exactly Si,«-1 partial fractions. 

To attain the maximum number, the only applicable transforma¬ 
tions are Ei and E 2 (or F). For, the Ertransformation, applied, say to 

—^ (A''</r) replaces it and the next partial fraction by just bit, 

+ b, k , * 

(<6i£+5*F+i) terms; while the P-transformation as well as the 
annihilatory transformation applied to the same replaces it by less 
than b, k ’ terms, when b, k . = 2 or 1. Further, the extreme Ertrans¬ 
formation applied medially gives rise to just as many new partial 
fractions as the units in the partial quotient replaced, while it gives 
finally just one less than this number in the same way as the 
Ea (or P) transformation. The two longest (in the sense, not shorter than 
any other) h. r. C. F’s are therefore obtained by applying the extreme 
Ertransformation to all the partial fractions except the last (barring 
unit partial fractions) and transforming the last either by the 
extreme Ertransformation or the Ej (or P) transformation. In each of 
these two cases the number of partial fractions is the maximum 
possible, viz. &i + hi+ ■ * +&»-l and the residues are all numerically 
greater than b except the last which is numerically equal to l. 

Further, the difference between the number of the partial 
quotients of either of the longest h. r, C. F’s and their sums is either 
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equal to or one more than the corresponding difference of the 8. C. Fi, 
according as the Ej (or P) transformation is not or is employed. 

3-3. The reduced half-regular continued fraction (reduziert regel- 
miissigen Kettenbriichen) — (D 

A reduced ft. r. C. F is one in which all the partial fractions are 
negative' 0 '; this may be briefly referred to as r. r. C. F. 


To convert F« = (fti>; fti, ft*, ■ • bn) a S. C. F into a r. r. C. F we em¬ 
ploy the Ei (or P or ff) transformation with respect to the alternate terms 


1 JL 

+ ft ] 1 + fts' 


• ■ and - ,— or 

+ On-2 


1 


+ bn -1 


according as n is odd or even and further apply the Es (or P) 
transformation to the last partial fraction only when n is odd. For 
example, (fto; fti, ftj, ■ • ftsn) 


(ftn + 1 ; 2 [A,-i]< ftj + 2, 

(fto ; ftl, b- 2 , • • • ftinti) 




bin + 1 ). 


... ( 1 ) 


“ (M1; 2 16.-11’ l>i + 2 > ' 


2 l*«—i— U’ bin + 2 ’ 2 [fra-.+i- Ip- — ( 2 ) 


If the S. C. F. be infinite, the corresponding r.r. C.F is 

(fto + l; 2[ fr] ftj + 2, 2 [An _jj, ft* + 2, • • • ad inf.) ... (3) 


With the help of examples (1) and (2), it is easy to verify the 
following : 

If (S, N), (S, N') represent within their brackets the sum and the 
number of partial quotients of a finite simple continued fraction and the 
correspondinq reduced regular continued fraction then (?) S' - S= N’ - 1, 
whether N is odd or even ; and (ii) the sum of the partial quotients of the 
S. C, F. in the even places is equal to N' orN'-l according as N is 
even or odd. ... (15) 

N. B — Even if the first partial quotient is 0, it must be counted 
as one of the partial quotients for the purpose of the above result. 

3-4 The Shortest half-regular continued fractions. 


The shortest h.r. C.F. development of a given rational number 
cannot contain partial fraction groups of the following types: 


( 1 ) 


-tl ; 


( 2 ) 


1111 . 

±a+ 2-2± b’ 


(9) 


1111 
± a - 2 - 2 ± ft 


ft 
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For, all these are capable of reduction to a lessor number of terms. 
In fact ( 1 ) can be annihilated by (0), (2) can be reduced to 

(iTT)- 3+ (bhy and (3) to (u-l)+ 3H (ill) (tlle upper sign8 go1ne 
together and similarly the lower ones). 

The transformations Ei, E>, E[ always introduce partial fractions 
of the above kind, especially types (1) and (3) and therefore cannot 
give rise to the shortest h.r. C.F development. 


As regards unit partial fractions, we have seen that the maximum 
reduction in their number is achieved by the transformations Ci, Cj, 
cicrf appropriately applied according to (10), With reference to the 
P-transformation which does not affect the number of terms, it may 

be noticed that if it is applied to ^ adjoining unit partial fractions 

"T Z fr 

(if any) before the transformation Ci, Cj, or nr/ has taken effect 
according to ( 10 ), the result will be to reduce the number of adjoining 
unit partial fractions by 1 or 2 and thereby modify the maximum 
reduction possible in the number of these unit partial fractions accor¬ 
ding to the following scheme: 


Number of unit partial fractions 

Before After 

the P-transformation 

2 « 2 n -1 

2 u 2 v - 2 

2 n + l 2 n 

2 n t -1 2n - 1 


Maximum reductions possible as per ( 10 ). 

Before After 
the P-transformation 
n n 

H II -1 

nil u 

n +1 n 


Thus the effect of the premature P-transformation is not to 
reduce the S. C. F. to the shortest h.r. C.F except when it applies just 
to only one partial fraction ^ adjoining an even batch of unit par¬ 
tial fractions. In the exceptional case, it is easily seen that the 
effect of applying the P-transformation first and then the Ci-transfor- 
mation is the same as applying first a Ci or Ca transformation 

and then the P-transformation according as — adjoins the batch of 

r* Z 

unit partial fractions on the right* or on the left. Hence, to obtain 
the shortest h.r. C.F development, we may well postpone the P-trans¬ 
formation which is optional until all the appropriate annihilatory 
transformations have taken place so as to effect maximum reduction 
in the number of terms. As this process is not generally unique, 

3 
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there are often several half-regular C. F. developments of the same 
length but shorter than others, for a given finite 8. C. F. 


Provided the P-iramfor /nations be nowhere applied in the above pro¬ 
cess the sum of the partial quotients as well as their number is the same 
for all such shortest C. F. developments, while the sum of these two 
quantities is equal to the cor responding sum for the simple continued 
fraction. (Vide (7)). ... (16) 

In this connection, we may note that the number of ways in 
which an even number (say 2 n) of successive unit partial quotients 
occurring between two partial quotients greater than 1 can be reduced 
to the minimum number it in (/t + 1) ways, which comprise Ci-, Co-, 
and (n -1), c\<f transformation 


Example: 


2+ 1 _L_L 1 1 i 1 1 1 L 1 I 1 * * 

1 + 1 + 1+2 + 2 + 1 + 1 + 1 + 1 + 2 + 1 + 1+2 


can be transformed into one of the shortest h.r. C.F's without apply¬ 
ing the P-transformations, 3x2 or 6 ways, for the two batches of four 
and two unit partial fractions can be modified respectively in 3 ways 
and 2 ways which may be associated one with the another, while the 
odd batch can be modified only in one way i.e. by applying the 
Ci-transformation. 


The total number of ways of obtaining the shortest. h.r. C.F’s equal 
to a given 8. C. F. is discussed by Tietze 6 and the disoussion need not 
be reproduced here. 

3-41 Among the equilong shortest h.r. C.F developments two are 
well known: 

(1) the continued fraction to the nearest integer (nach nachsten 
. Ganzen) in which the residues are never absolutely greater than 1 ; 

(2) the singular continued fraction (due to Hurwitz). 

The first of these is obtained by applying the Crtransformation 

uniformly to all the batches of unit partial fractions and the h.r. C.F 

so obtained, may be represented by 



which is characterised by the properties 

(i) c„>l (n<fc) and (ii) c» + £« + i>l (n<k), 
easily verified by (6). 
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The singular continued fraction is derived by employing the 
Crtransformation for odd batches and the CVtranaform ation for even 
batches of unit partial fractions. It is characterised by the properties 

(i) c«>l and cn + f«>l (w^/c) verified by (6) and (8). 

If the continued fractions be infinite, the restrictions for n have 
to be removed. 

3-42 From § 2-5, it will be clear that the transformations used 
in converting a simple continued fraction into one of tho shortest 
half-regular continued fractions are the same as those which secure 
the residues absolutely less than I(\/5 - 1). Hence, all hr. C.F deie- 
lopinents of a rational number of the same length as the corresponding 
C. F. to the nearest integer, are characterised hi/ the property that its 
absolute residues are less than UV5 -1). (Tietze) ' ... (17) 

Perron calls such continued fractions ‘kanonisch ’. 

3-5 The number of ways of applying the annihilatory transfor¬ 
mations to a batch of / consecutive unit partial quotients preceded 
and followed by partial quotients greater than 1, (occurring in a 
S. C. F.) will now be discussed 

The annihilatory transformations operate in one of four following 
ways: 

(i) by affecting the / unit partial quotients only ; 

(ii) ,. (l +1 ) consecutive partial quotients com¬ 

mencing from the one just preceding the 
first unit partial quotient: 

(iii) „ (/+1) consecutive partial quotients ending 

with the one just following the last unit 
partial quotient; 

and (iv) „ (t + 2) consecutive partial quotients inclu¬ 

ding the two partial quotients adjoining 
on either side the batch of / unit partial 
quotients. 

The total number of ways of annihilation accordingly corresponds to 
the sum of the number of ordered partitions of 

(1) t, (2) < + l taken twice (3) t + 2 
into a certain number of 3’s and 2’s, the first part being always 3. 
This is easily seen from the fact that the effect of the transforma¬ 
tions Ci or Ca (partial or otherwise) is to modify the first three 
consecutive terms and the succeeding terms in pairs. 
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' The number of partitions of t as specified above is the coefficient 
of .r ' -3 in the series 

1 + (.r 3 + .(■*) 4 [ x 1 + x*) 3 4. ad inf . 

i.e. 1/(1 - x 3 - .r 8 ) 

If --1-i be expressed as the power-series 

1 - x‘ - .r 5 

m+U\X+ . 4 llnx” . . 

we have the recurrence relation 

M “M 1l _j4-7/ (»>2); 7/o=l, 7tl = 0, Mj=l. 

If N i denote the total number of ways of annihilation, 

N i + + 

= a +7/ (n 

-« (r , (/> 2 ) 

From direct considerations Ni = l = )/i and N: = 2- so that 

N/ = 7/ (+s (f>l) ... (18) 

The first twenty values of Ni are : 

1, 2, 2, 3, 4, 5, 7, 9, 12, 16, 21, 28, 37, 49, 65, 86 

114, 151, 200, and 265. (19) 

3-6 We may now conclude this section with a summary of 
various kinds of h. r. C. F's arranged as a genealogical tree : 

Finite A. r. C. F. 

I 


Without negative With negative 

unit partial fractions (u. p. f.) I 


1 _ I _ i Longest Olliers 

Without S.C.KI Piaeonal 
positive u. p. C F 

(9) Longest Others 

Minkowski) | 

ending 

in 


Shortest Reduced Others 


( 6 ) 

(Erna Zuri) 


CF to the | Others 
nearest Singular 
integer ( 8 ) 

(7) (Hurwitt) 

Mlnnegerode 


Note: The Simple continued fraction 
occupies something tike a middle position 
in the above scheme, which also applies 
to infinite continued fractions provided 
we suitably modify the terms ‘shortest’ 
and ‘ longest’ as in the next section. 
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§ 4 . ‘ Raschesten Kefctenbruch entwicklung ’ 

C-,) 

4-1 Following Tietze’s ideas, we introduce the terms ‘more rapid¬ 
ly ' ‘ more slowly ‘equally rapidly converging in respect of two half¬ 
regular continued fraction developments of the same irrational 
number, say w, whose convergents are respectively: 

(1) P,, ? 2 , . . . P„, . . . 

(2) Qi, Qj, . . . Qn, 

by the definition: 

The first continued fraction is more rapidly {nr more slowly) conver¬ 
ging than the second, when for all positive integral n great) r Ilian a 
certain inder m (a positive mfegei), 

|P n -co| < (or » ; 

otherwise, they are said to he equally rapidly com crgcnt. 

Let the S. C. F. development of ‘ u >' be 

(an ; a i , • • • ): .... («) 

let the h. r. C. F development obtained bv using the extreme medial 
Ertransformations to {a) be 



and that due to the transformation ri applied to all batches of unit 
partial fractions in (a) be 

(- $T< ■■■■ w 

00 

d„ ; , be any other h. r. C. F development of ui. (d) 

Tietze has shown that (/>) is the most slowly convergent and 
(c) one of the most rapidly convergent C. F's (raschesten Kettenbruch- 
entwicklung). 

4-2. With a slight modification of Tietze’s definition, we define 
the most rapidly convergent continued fraction developments of an 
irrational number u) by the following property: 

If an infinite h. r. C. F, say (d), development of an irrational 
number ui has infinitely many convergents of the same order and value 
as the h. r. C. F, (c), development to the nearest integer , then (d) is one 
of the ‘ raschesten ’ variety. 
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Let Pb, Q* be the convergents of the n lk order belonging to (d) 
and (e) respectively. If P»-Q», it is evident that they correspond to 

(rf„; £)* and (c„; £)“ 

which are both shortest h. r. C. F. developments, by § 3-4, of the 
same rational number; the first of these is therefore capable of being 
derived from the S. C. F, say, F«=(oi>; m, a :, ■ ■ r/r) by means of the 
P-traneformation and annihilatory transformations; further P«, Q» 
are botli principal convergents of (a). 

Suppose there are infinitely many «'s for which P» = Q», then the 
transformations by which (d) is derived from (a) must consist only 
of the P- and (^-transformations. 

If, now, .... (<)') 

be the h. r. C. F. development derived from (a) by applying only the 
annihilatory transformations without the P-transformations, that are 
employed in obtaining (o'), then the convergents of the n n order 
pertaining to (d) and (<!') will coincide whenever they are both 
principal convergents of (//). 

But, every convergent of (</') iR a principal convergent 
of (a); so that if P's be the («"’) convergent of (<l) and P» = Q», 
then P'b ■* P» - Qb. 

We have infinitely many such ?i’s. Hence (</') is also of the 
‘ raschesten 1 variety, by definition. 

4-3. We can easily show that the annihilatory transformations 
employed in deriving (d') from («) are just of the type ci, rj, or n o' 
applied to even batches of consecutive unit partial quotients and ci 
to other batches, including, if any, the infinite one. For, otherwise, 
by taking v sufficiently large, we will have the shortest continued 

fraction development (cl' o; ^ obtained by applying at least to one 

batch of successive unit partial fractions of the S. C. F., Fi say, an 
eclectic transformation different from the appropriate one; which is 
impossible by (10). We may note in this connection, that, if at- 1, 
it is either the last partial quotient of a batch of an even number of 
unit partial quotients in (a) or a medial partial quotient occupying 
an odd rank in a batch of unit partial quotients. If (a) should end 
in an infinite number of unit partial fractions which are modified in 
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(d 1 ) by a transformation other than c\, then we may take n suffi- 
cientiy large so that the shortest h. r. C. F. development ( d'»\ 

is obtained from F< where a: = 1 by annihilatory transformations the 
last of which is different from Ci and therefore not appropriate to the 


last batch of unit partial fractions in F/, which is necessarily odd. 


This is again a contradiction to (11). 


Again, by (11), the residues of (</') are all absolutely less than 
l(\/5-l); and by Lemma II, a P-transformation applied to ^ which 

"I" u 

is followed by a positive residue less than s(\/5 - 1) does not introduce 
any residue absolutely greater than or equal to l(\/5-l). Hence the 
residues of (d) are also all absolutely less than )(\/5-l). This proves 
Tietze’s 6; famous theorem, which may be quoted here in the original: 


‘Die raschesten halbregelmiissigen Entwioklung einer zahl sind 
jene halbregelmiissigen Entwicklung. bei denen jeder Entwicklungs 
rest r„n der Bedingung genugt 

|r* + ,| < KV5-1) = 0-6180339887 • • (r = 0, !,■■■•)' 


Tietze's theorem itself follows from the observations in § 2-5 and 
the properties of convergents mentioned in 5 112 (iii) and § 1-24. 


We may be permitted to conclude here with the remark that we 
have been able to give a simple and unified view of the half-regular 
continued fraction by a detailed examination of the properties of the 
two fundamental transformations (a) and (B) and the ten derived ones, 

viz. Ei, Eg, Ed, P, Ci. Ci, C,Ci • • Ci", CiCi - - ■ Cj°, 

C 3 Cj • • • C'i, and C>C> • • • Cj°. 


(1) O. Perron: 

(2) J. L. Lagrange : 

(3) K. TH, VAHLEN : 

(4) G. Chrystal : 

(5) H. TiETZE: 

( 6 ) Erna. Zurl : 

(7) B. MlNNlGERODE: 

(8) A. Hurwitz : 

(9) H, Minkowski ; 
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ON WONDERFUL DEMLO NUMBERS 


BY 

D. R. KAPREKAR, B.Sc., S. T. C., Del'lati 

1. The object of this paper is to discuss the rationale of certain 
curious results in the multiplication of numbers written in the usual 
scale of ten, an example of which is the following:— 

1234567654321 x 243 = 299999940000003. 

I call this a “purlitiun awl insertion property" since, when the 
multiplier 243 is partitioned into digits and repeated digits 9 and 0 
are inserted we get the product. I show in this paper how to ob¬ 
tain in other numbers with this property. 

Notation and Definitions 

2. To save space I shall write (u) n to indicate the digit u. 
repeated n times. Thus (l) 2 0 2(9) s “ 1102999. 

I use the word “ Demlo Number ” to denote an integer which 
may be partitioned into three groups of which the middle group is of 
the form (a) 1 and the sum of the numbers in the first and last groups 
(supposed to have the same number of digits) is of the form (a)*. 
Thus 12488764 is a Demlo Number of which the middle part is 88 
and whose extreme groups 124 and 764 add up to 888. 

A special class of Demlo Numbers are “Wonderful Demlo Num¬ 
bers ” which are defined as follows:— 

Def: A wonderful demlo number is the square of an integer of 
the form (l) 1 where 1<2<9. Thus 

121; 12321; 1234321; etc. and {l l9> } 2 = 13345678987654321 
are all wonderful demlo numbers. Here the middle part consists of a 
single digit while the first and last groups consist of numbers in 
rising or falling order, I shall use W to denote a wonderful demlo 
number. 

Def: A Partition number is an integer of the form 9 x a b where 
6>(a + l) and ra + 6<9. I shall use the letter P to denote a “parti¬ 
tion number.” 

Example :—9 x 45 is a partition number. 
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The Partition and insertion property 

3. LEMMA I: If ABC be the successive digits of a partition 
number, then A = a, B = 6 - a - 1, C = 10 - 6. 

For ABC - ab x 9 = a 6(10 - 1) - abO -ab = a(b-a- 1 )(10 - b). 

Thus 35 x 9 - 315 => 3(5 - 3 - 1)(10 - 5). 

LEMMA II: If W be the square of (])', then 

Wx9 = (l)' (0)'-(l)'. 

For, W x 9= {(l)'} 2 x 9 = { (1 ° 1 } 3 x 9 

(10) si -2(10) i + 1 
9 

= (10 )'{=(iy(oy-(iy. 

Example: 12321 x 9 = 111000 - 111. 

Theorem I: ABC x W = A(c) ,_1 B (9 -cy _1 C 

where F = ABC and c-a + b. 

For W x ABC = WxP = Wx9x a & 

- {(iy(0y-(iy}xo6 by Lemma II 

” o(c) ,_1 b(0) 1 - a(c) l ~ l b 
= a( C y- x (6 - « -1) (9 - c)'-* (10 - b) 

= A(cy~'B(9-cy _1 C from Lemma I 

Thus 1234567654321x243=299999940000003 (Here 243 = 9 x27, so 
c”a + 6 = 2 + 7 = 9 and 9-e = 0 and both these are repeated.) 

Corollary I: {(3y) 3 = (1)' 1 0(8)'-' 9 
For {(3y} 2 ={(iy} 2 x9=WxP. 

Thus the square of 3333 is 11108889. 

Corollary II: (3)' (6y = (2)'- l l (7)*- , 8. 

Corollary III-. {(6)‘j 2 = (4) ! ->3 (5y->6. 

Corollary IV x {(9)*}® - (9) ,_1 8 (0) i l l. 

THEOREM III: There are only 25 partition numbers P altogether 
and they are: 9, 18, 27, 36, 45, 54, 63, 72, 81, 108, 117, 
126, 135, 144, 153, 162, 207, 216, 225, 234, 243, 306, 315, 
324 and 403. 


4 
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For, from the definition P = where a + b — 9 and &>a + l 

Hence a and h can assume only the following values : 

a h 

0 1, 2, 3, 4, 5, 6, 7, 8, 9 

1 2, 3, 4, 5, 6, 7, 8 

2 3, 4, 5, 6, 7 

3 4, 5, 6 

4 5 

Example* to Illustrate Theorem III 
123454321 x 216 - 26666133336 

Here the digits 2, 1, 6 aro partitioned and 3 and 6 are inserted in 
the gaps. Similarly 

123454321 x 315 = 38888111115 

Again 

12345654321 x 108 = 1333330666068. 



NOTES AND DISCUSSIONS 

Progress in the History of Mathematics During the Last Forty Years 

In 1898 the first, number of volume 1, entitled “ Grundlagen der 
Arithmetik" of the now widely used Eunt/klopadie aer vid'hematischen 
Wiasenschaficn was published. On page 12 thereof there appears a 
note (18) on the negative numbers which involves various statements 
which are now commonly known to bo incorrect and hence they 
exhibit decided progress in the history of our subject during the last 
forty years as it may be assumed that such a standard work in its 
day represents about the best that was then available along the lines 
treated. One of these statements is that the first traces of negative 
numbers appear in the work of the Indian mathematician Bhaskara 
(born in 1114) who distinguished between the positive and the 
negative value of the square roots of a positive number. On the 
contrary, it is now known that negative numbers were used much 
earlier in India and that the writings of the ancient Babylonians 
already contain such common rules in multiplication as 
+ - = - + = -, and - - = +. Cf. ZentralbluU fiir Mat he mat ik, volume 
16, page 385 (1937). 

The noted incorrect assertion in regard to the first traces of 
negative numbers is followed in the same note by the assertion that 
the Arabs recognized negative roots of an equation which is equally 
commonly known now to be incorrect. In particular, J. Tropfke 
observes in his widely known (Icschichte der Elemehtur-Mathema.uk, 
volume 2, page 97 (1933), that negative solutions were not allowed 
by the Arabians as may be seen, among other places, in the text-book 
on algebra by Alkarhi, about 1010. Minor misstatements in the 
same note are that the Ars Magna of Cardan appeared in 1550 
instead of in 1545, and that T. Harriot, about 1600, considered 
negative numbers by themselves and allowed them to constitute a 
member of an equation. It is now known that the Babylonians 
already allowed a negative number to appear by itself as a member 
of an equation. Cf. O. Neugebaner, Malhcmutischc Keilschrift Tex/e, 
part 3, page 38 (1937). 

The same note terminates with two other incorrect statements 
in the same sentence. The former of these is to the effect that the 
real calculating with negative numbers begins • with R. Descartes, 
who died in 1650, As a matter of fact, this statement is directly 
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contradicted in the corresponding note (149) of the French edition of 
the same encyclopedia, page 35, where it is asserted that the 
systematic calculating with negative numbers was posterior to 
R. Descartes. The second misstatement in the same sentence to 
which we referred is that R. Descartes assigned to the same letter 
sometimes a positive and sometimes a negative value. As a matter 
of fact, a letter had only a positive value in R. Descartes’s writings. 
It should, however, be noted in this connection that by placing a 
point before a letter R, Descartes indicated that the latter could 
have both a positive and also a negative value. Cf. J. Tropfke, 
Geschichte der Elcmentar-Mat hematite, volume 2, page 100 (1933). 

Although there are fewer actual errors in note 24 of the article 
cited at the beginning of the present discussion than in note 18 there¬ 
of the former involves a statement which is probably more surprising 
to many readers than any one which appears in the latter, viz., that 
the positional number system of the Babylonian astronomers to the 
base 60 involved the use of 59 different numerals. This would 
correspond to the 9 different digits of our common number system to 
the base 10, but there seems to be no evidence that it ever existed. 
It is now well known that the Babylonian number system involves 
the use of the base 10 up to 60 so that it was unnecessary to have 
59 different numerals. In fact the symbols for unity and for 10 are 
the only ones which were commonly used. Cf. O. Neugebaner, 
Vorlesungen iiber Geschichle der Antiken Mathemaiischen Wissens- 
chaften, volume 1, page 4 (1934). 

The two opening sentences of note 24 are to the effect that 
decimal fractions originated during the 16th century and that John 
* Kepler (1571-1630) introduced the decimal comma. It is now known 
that a decimal comma was used by John Napier in his Rabdologia of 
1617 and that this is the first known use thereof. The decimal 
period was used a little earlier by C. Clavius in his Astrolabium of 1593. 
Simon Stevin (1540-1620) was the first to treat decimal fractions 
systematically and extensively, and he has often been credited with 
their invention. He devoted a small pamphlet to this subject which 
appeared in 1585 both separately and as an appendix to his Praclique 
d' Arithmetique and he urged the governments to introduce decimal 
money, weights and measures in order to simplify calculations. In 
fact, he also pointed out the importance of dividing the angle 
decimally and thus became the most influential forerunner of the use 
of decimal systems. Special decimal fractions appeared before the 
beginning of the 16th century in Arabia. 
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In note 25, page 22, it is stated that traces of calculating with 
powers and roots appear already in the 14th to the 16th century- 
It is now known that such traces appear already in the works of 
Archimedes and possibly earlier in the work of the ancient Babylonians 
as was noted by O. Neugebaner on pages 200 and 201 of the history 
cited at the close of next to the preceding paragraph. It is not 
implied that all of the historical notes in the En<yklopadie tier 
malhtmatitchin Wissevschaf/i n have become unreliable in the com¬ 
paratively short time since this work has been before the public. A 
considerable number ot historical statements represent advances in 
this history of permanent value but there are others which have 
become antiquated in recent years as a result of the rapid recent 
progress along historical lines. It may be of interest to emphasize a 
few definite evidences of this progress by means of a publication 
which is in general still very favourably known in order to exhibit 
more clearly the fundamental nature of this progress. 

Urbana, Illinois , \ G. A. MILLER. 

U. 8. A. } 

On a Property of Self-Sufficient Set* 

1. A set (A) of n distinct non-zero positive integers: en, os, a* 

. an; where each a<p, p being an odd prime, is 6aid to be a 

self-sufficient p- set, when the product of every two (or more) 
members of the set is congruent modulo p, with a member of the 
set itself; i.e. when o> (mod. p), 0<(?, j, m)<n. 

Since any a #_1 = l (mod. p), unity must be a member of such a set. 

2. The object of this note is to prove the following 

THEOREM* : The n members of any self-sufficient p-set (A), are the 
k-ic residues of p, where kn=p- I. 

Let g be a primitive root of p. Then corresponding to the given 
set (A), there is another set (B) of positive integers: b\, bi, b 3 , 

. bn; given by the relation: g br =a r (mod. p), and 

0 <br <<Hp). 

Evidently the sum of every two (or more) members of (B) is 
congruent modulo 4>(p) with a member of (B) itself; i.e. bi+b^b m 
(mod 4>(p)). 

Let k denote the greatest common divisor of tl)e members of (B). 

* This theorem was suggested to me by Dr. S. Cbowla, 
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Then the numbers: k, 2 k, 3 k . (p- 1); can be represented 

modulo ^(p) us the sums of b'a : and no other non zero positive 
number<si(p) can be so represented. Hence the members of (B) are 
k, 2k, 3 k, ik, . . . , (7;-l); in some order. 

Let b, - rk, so that b n - vk = (// - 1). 

Then (mod. y>). 

If r/ = f (mod. yj), we get « ( s/‘ (mod. />). 

Since there are just n k -ic residues of }> and no more, the 
numbers of set (A) are all the k -ic residues of p. 

Government College, 1 HANSRAJ GUPTA. 

Hoshiurpur. J 


The Twisted Straight Line 

1. According to a well-known theorem in differential geometry, 
there exists a curve, unique except for position and orientation in 
space, whose curvature k and torsion r are assigned functions 

tc =/(s); 

of the arc length s. When <■/>(«) = (), we have a plane curve with 
curvature /(«). I am not sure whether the other case, when /(s)^0 
is sufficiently well known among students and teachers. The curve 
is now a twisted straight line, i.e. a straight line with a definite 
osculating plane and hence also a definite torsion </>(.s) associated 
with each point. By changing the function d>(.s-) we vary the twist 
of the straight line. A rope which is being twisted under tension is 
a material symbol of a twisted straight line of nearly constant torsion. 


One immediate application of this idea is that every conoida! 
surface may be considered as the surface of principal normals or 
surface of binormals of a twisted straight line. Now it is known 
that the sum of the principal curvatures at a point P of the surface 
of binormals is given by 


J = 


k ! + icr 3 «. 2 - r'a 


(1 + tVP - ( l) * 

where u is the distance of P from the curve measured along the 
binormal through it. Putting k = 0 we have J = - r'it/(l + r 2 M 2 ) S J . This 
vanishes when the straight line has constant torsion and the 
binormal surface is in this case a helicoid. Hence the helicoid is a 
minimal surface. 


Annamalainuyar. 


A. Narasinga Rao. 


Weatherburn ; Differential geometry of three dimensions, Vol. I, (1931) P. 72. 
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Note on an Inequality 

1. The object of this note is to generalise an inequality on a 
definite integral given in problem 121 in Polya-Szego: Aufi/aben u. 
Lehrsatze, II Abschn, p. 62. The problem there given is equivalent to 
the following:— 

Let /(o)=/(h)* 0, |/(0KM in 

M (b - a)- . ' ' b 


Then 


J AtUt 


We propose proving the following generalisation : 

If M is the upper bound of |/'(.r)| hi ( a , b), then 

\ * .fit)'ll -\(h-u) j /(n) + /(/,)’ 


M (b - of 


4M ( 


'J 


m-f(a) 


(E) 


Before proceeding to the proof of the inequality (E), it may be 
remarked that 


J I - 




Mb - n) s 
4 


which is obviously a much weaker inequality than (E). 
2. Proof of (E): We have 
f(t)dt-l(b-a)lf{h)+f(<, 


rro 

i’ 




4>(t) dt, say 


where $(/)=’/(/) - •' \f(b) + /(a)}, so that </>(«) + Mb) - 0. 

Let a = f>(a)°* -i‘f(b)~f(a)}. Then the curve y = Mt) lies below 
the lines 

y = a + M(/-a) (Line BC) 

-a-M(<-6), (Line CE) 


c 
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% 

i.e. it lies below the polygonal line BCDE. Similarly it lies 
above the polygonal line BD'C'E. Hence 

C b 

\ dt % area under BCDE 

= ^(CP+ AB)AP + *(CP-EF)PF 


An easy calculation gives 

CP—JM(6-n), EF = AB = a, AP= l(b - a)- PF-= £(&-a) + 


Similarly, considering the curve BD'C'E we get 

i* ^ 

\ m dt 


a 2 _ M( fr ~ of 
M" 


4 


Hence 


rb 

f m 

J n 


(It 


< 


I* 4(6 -a){(f(a)+f(b)} 

* n 


U(b - «) 2 


5T {**>-*«>}' 


It is quite clear that equality can only occur when 4>(t) coin¬ 
cides completely with BCDE or BD'C'E, which is however not 
possible since <£'(/) exists at the points P, P'. Hence (E) is proved. 

Since we can approximate to BCDE as closely as we like by a 
curve through B, E, it is obvious that the inequality cannot be 
improved. 


Central College, 
Bangalore. 


} 


K. S. K. Iyengar. 
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n v r 

A Note on the Zeros of 2 = 0. 

r = o 1 ’* 

In this note it is proposed to shew, by an elementary method, 
« z r 

that the zeros of 2 „ for large n, lie in the region n'>\z |>?ie s . 

r-o r ! 


1. We shall first prove that for all n, the zeros all he in |«i<n. 


Let /»(«)= 2 ^. 

/ =o r 1 


and (z)=f u {nz) 


Let (j(z) = z n 4> (^ = b„ + biz + . +bnZ H ; 

V n n * -1 

then Im = ., bi = .—— r.. . , 

« ! (n -1)! 

and, obviously, bi, = bi^> .> A.. 


Then all the zeros of </(z) lie outside the unit-circle (Vide e.g. 
Landau : Ergebntsse der Funktionentheorie, p. 26, Satze von Enestrom). 


As the proof is short and simple we give it here: 

(1 - z)(/(z) = h) - {bn -b\)z + (In - bfjz* + • • • 4 (bn -1 - bn)z n + bnz"* 1 } 

Hence for excluding 2 = 1, we have 

|(l-2),r/(2)|>&u- {(b„ - b t ) + (bi - fa) + ■ • • + (b H -\ - bn) + bn] = 0. 


It is obvious that the right side in the above expression for 
(l-z)y(z) can be zero only when 2 = 1. Hence |r/(2)|>0 when |«|<1. 

Going back now to the function friz), we see immediately that 
all its roots lie in the region | 2 |<«. 


2. At a zero, say zo, of fn{z) we have 

_ ZtT r 2(,"+ 3 
(n +1) 1 (n + 2) 1 


( 2 - 1 ) 


Also | 2 o|<n. Let Uo| = (ra + 1 )m ( > 


Then 


exp {■ 


K 


2n 


(u + l)l 


< 


| 20 | 


(n +1) 1 (1 — uo) 


(n + 1 • ifo)" +1 1 + L» _ 

(n + l/e)” +1 ’ V'(2jm)-(l-Mo) 


for large n. • 


Hence 

Mcre-(1 + Li)V tB+1) 4- {(1- m)V&Tn} llCH+1) > e~\ . (2*2) 

5 
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Now by (§ 1) mo<w/(w+ 1,) so that 1 H+ 

and < (n + = i + £'„, 

Hence from (2-2) we have 
i loe* 0 " > l+£"» 
or 1 + MO + log MO > £'"n. 

Now 1 + Mo+logwo is a monotonic function which vanishes for 

one value mo in * > mo > -4 

e e 

1 71 

Hence when n is large uu > ^ whence n > | zu | > where zo is 
" z’ 

any root of 2 ~r. =0. 
r=o r 1 

Central College, 1 K. S. K. IYENGAR. 

Banyalore. J 


Inequalities Connected with a Tetrahedron 


In this note are proved certain inequalities connected with a 
tetrahedron. Most of them are analogous to the inequalities relating 
to a triangle. 

1. Let ABCD be a tetrahedron the areas of whose faces are 
a, /3, r, 8 and whose volume is V. Let R, r be the circum- and in- 
radii, respectively, of ABCD and let S be the total surface of the 
tetrahedron. If a, a ; b, b ’; r, c '; be the lengths of the three pairs 
of opposite edges of ABCD, we have 

V = | aadi sin 0i aa'b 

where d\, 0i, are respectively the shortest distance and the angle 
between the pair of opposite edges of lengths a, a. 

Similarly V< J cc' V. 

From these two we have V<^ (oa' bb' cc') 2 ... .(ID 


O being the circum-centre of ABCD, if v\, v h vs, vy be the 
volumes of the four tetrahedra OB CD, OCAD, OABD, OABC, 

R a /s R*/s 

we have, by (1-1), Vi < g V(a b’ c')< g- \/(4 R a). 

, R» . 

i.e. v\ < g v«. 

and similar inequalities hold for m, and vt. Hence, by adding up, 
we obtain 

TJS 

V < (v'a + V73 + Vy + \/B) ... (1-2) 
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Since, of all triangles, inscribed in a circle, the equilateral 
triangle has the maximum area and since the circumradius of any 
tetrahedron is greater than or equal to that of any of its faces, we 

have R* > ^ ... (1-3) 

where A is the area of the greatest of the faces of the tetrahedron. 

2. We next proceed to obtain an inequality connecting the in- 
and circum-radii of a tetrahedron. It is well known that of al- 
tetrahedra inscribed in a sphere of radius R the one whose volume 
as also the total surface area is a maximum is the regular tetrahe¬ 
dron and it is easily found that the value of this maximum surface 
area is 8R s V / 3. Hence this theorem gives for any tetrahedron, the 
inequality R a >£ S-\/3 ... (2-1) 


The inequality becomes an equality when and only when the 
tetrahedron is regular. Again from a theorem due to Steinitz which 
states that “ of all tetrahedra of given surface area, the regular 
tetrahedron has the maximum volume and hence the maximum in¬ 
radius ’’ we obtain for any tetrahedron, 


r*< - 


24v/3 


... ( 2 - 2 ) 


the equality holding when and only when the tetrahedron is 
regular. From (2-1) and (2-2) we obtain r/'R<l/3 where, as before 
the equality holds only when the tetrahedron is regular. The above 
result is the three-dimensional analogue of the result “the in-radius 
of a triangle is less than or equal to half of its circum-radius.” 

... (2-3) 


Since the volume V of a tetrahedron 
■?-S/3, we obtain, from (2-2) 

8 s - 216 \/3 V*>0. 


is given by the formula 
... (2-4) 


This is the three-dimensional analogue of the inequality 

S 8 -12v/3A>0 ... (2-5) 

relating to the perimeter S and the area A of a triangle. It 
may, perhaps, be useful to observe, here, that the inequalities (2-4) 
and (2-5) are sharper than those given by Schwarz for a convex 
solid and a convex oval t viz. 

S 8 - 36 v ys>.0 and S 3 -4vA>0. 


t Blaschke : Kreis and Kugel Pp. 30-31 and Pp. 78-79. 


I B. R. VENKATARAMAN, 

Annamalciinarjar. > Research Student, 

) Annamalai University. 



ASTRONOMICAL NOTES 

Planet Notes from October to December 1938 

(All times mentioned here are I. S. T. and the co-ordinates of planets given are for 
5 hours 30 minutes I. S, T.) 

Bun. The Sun after passing the equator on 23rd September moves 
with an increasing South declination and attains its maximum declina¬ 
tion South of the equator on the evening of 22nd December thus marking 
the beginning of winter in the Northern hemisphere. During the 
period October to December the Sun will be passing from the centre 
of Virgo to the centre of Sagittarius. Its Right Ascension will be 
changing from 12 h. 26 m. to 18 h. 38 m. and Declination from 2° 
50' S. to its maximum 23° 27' S on 22 December and then decreases 
to 23° 10' S by the end of December. On 22nd November there will 
be a partial eclipse of the Sun invisible in India. 

The Sun’s position at the beginning of each month is as follows :— 
1st October 1st Noi ember 1st December 

R. A. ... 12 h 26 m 14 h 22 m 16 h 26 m 

Dec. ... 2° 51' S 14° 9 S 21° 40'S 

Moon. The following phases of the Moon will occur during the 
period October to December. 

Netv Moon 1st Quarter Full Moon Last Quarter 

October 23rd at 2-12 p.m. f 1st at 5-15 p.m. 9th at 3-7 P.M. 16 at 2-54 p.m. 

i 31st at I-15 P.M. 

November 22nd at 5-35 a.m. 30th at 9-29 a.m. 8th at 3-53 A.M.* 14 at 9-50 P.M. 

December 2 ist at 11-37 P-M. 30th at 4-23 a.m. 7th at 3-52 p.m. 14 at 6-47 A.M. 

The Moon will be nearest the earth on 16th October, 11th Nov¬ 
ember, and 9th December and will be farthest on 2nd, 30th October, 
27th November and 24th December. On 8th November there will be 
a total eelipse of the Moon visible in India. The circumstances of 
the eclipse will be as follows:— 

Beginning of total eclipse ... 3-15 a.m. I. 8. T. 

Middle „ ... 3-56 A.M. 

End „ ... 4-38 A.M. 

Moon’s position at the beginning of each month:— 

1st October 1st November 1st December 

R. A. ... 18 h 8 m 21 h 5 m 23 h 7 m 

Dec. ... 19° 53' S 11° 12' S 0° 44'S 
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Mercury. The planet with direct motion moves from Virgo to 
Sagittarius and reaching the stationary point in the constellation on 
December 24th retraces the path and enters Scorpio on 13th Decem¬ 
ber and remains in it till the end of December. During October 
Mercury is too near the Sun to be visible but by the end of Novem¬ 
ber it can be seen near the Western horizon for about an hour and 
a half after sunset. Again by the beginning of December it approa¬ 
ches the Sun and by the end of the month the planet is visible as a 
morning object rising in the east an hour and a half before the Sun. 


The following phenomena of Mercury will take place during this 


period :— 

Mercury stationary 

Superior conjunction with Sun... 

Inferior „ 

Conjunction with Venus 
Conjunction with Moon 
Greatest elongation 22° E 


4th and 24th December 
10th October 
14th December 
9th November 

24th November & 20th December 
25th November. 


The position of the planet is as follows :— 

1st October 1st November 1st December 

R. A. ... 12 h 2 m 15 h 13 m 17 h 54 m 

Dec. ... 1" 46' N 19' 17' S 25“ 20' S 

Venus. During the beginning of October Venus enters Scorpio 
and by the end of November it moves to Libra and again moves to 
Scorpio by the end of December. Venus is an evening object during 
October setting earlier day by day till it nears the Sun on November 
when it cannot be seen, but during December it is visible as a mor¬ 
ning object. Like Mercury this planet is stationary on two occasions 
i.e., on 30th October and 9th December and is in inferior conjunction 
with the Sun on 20th November. Venus attains its greatest brilli¬ 
ancy on 16th October and 26th December. It is in conjunction with 
the Moon on 26th October and 18th December. 


The positions of the planet will be as follows : 

1st October 1st November 1st Deceviber 

R. A. ... 15 h 11 m 16 h 7 m 15 h 16 m 

Dec. ... 22“ 39'8 26“ 54'S 18“ 23'S 

Mara. This planet moves with a direct motion from Leo to 
Libra during this period. Mars is easily visible as a morning object 
on the eastern sky during the early morning hours. Mars is in con¬ 
junction with the Moon on 21st October, 18th November and 17th 
December. The planet is also in conjunction with the planet Neptune 
on 12th October. 
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The positions of the planet will be as follows :— 

1st October 1st November 1st December 

R. A. ... 11 h 5 m 12 h 17 m 13 h 27 m 

Dec. ... T 8'N 0° 38'S V 59'S 

Jupiter. The planet with a retrograde motion enters Capricornus 
from Aquarius on 2nd October and remaining in this constellation 
for about a month retraces its path with direct motion and again 
moves to Aquarius on the 4th November. Jupiter is visible through¬ 
out this period as an evening object. Jupiter is in conjunction with 
the Moon on the following dates 5th Oct., 2nd Nov., 29th Nov. and 
27th Dec. and is stationary on the 19th October. 

The positions of the planet will be as follows:— 

1st Oct. 1st Nov. 1 st Dee. 

R. A. ... 21 h 43 m 21 h 42 m 21 h 52 m 

Dec. ... 15° l'S 15° 2'S 14° 5' 8 

Saturn. This planet is visible throughout the night during Octo¬ 
ber and during the latter part of December it will be visible till mid¬ 
night since it sets by midnight at the end of December. Saturn will 
be in Pisces throughout. Saturn is in opposition with the Sun on 
8th October and in conjunction with the Moon on 9th October, 5th 
November, 3rd and 30th December. The planet is stationary on 15th 
December. The positions of the planet will be as follows:— 

1st Oct. 1st Noc. 1st Dec. 

R. A. ... 1 h 0 m Oh 52m Oh 46 m 

Dec. ... 3° 27' N 2° 34' N 2° 5' N 

Uranus. This planet will be visible shortly after 8 P.M. during 
October and by the end of December it will be visible only till 2 hours 
after midnight. On 8th Nov. Uranus will be in opposition with the 
Sun. 

The positions of Uranus will be as follows :— 

1st October 1st November 1st December 
R. A. ... 3 h 0 m 2 h 55 m 2 h 50 m 

Dec. ... 16° 37'N 16° 18' N 15° 57' N 

Neptune. This planet will be visible only during the morning 
hours. It is stationary on the 26th December. 

1st October 1st November 1st December 

R. A. ... 11 h 31 m 11 h 34 m 11 h 37 m 

Dec. ... 4° 23' N 4° O'N 3° 46'N 

H. SUBRAMANI A ITER. 



SOLUTIONS TO QUESTIONS 


Question 1607 

(R. RAMANUJAM):—Prove the theorem of Pythogoras without 
constructing squares on the sides of the triangle. 

Solution by A. Ranganatha Rao. 

Let ABC be a triangle, right-angled at A. Draw AF perpendi¬ 
cular to BC and produce it to D such that AD = BC. Draw DE per¬ 
pendicular to AC. 

The two right-angled triangles BAC, AED are congruent. 

.'. CA= DE and AB = AE. 

Quad. ABDC = A ABD + A ADC. 

- .1 AC-DE + VAB-DE 

- i (AC*+ AB-j. 

Also quad. ABDC = l BC-AD={ BC 2 . 

Hence BC 2 = AB 2 + AC 3 . 

The well-known Bhaskara-Wallis' solution by the use of similar 
triangles FBA and FAC is given by 

T. Manivanan, T. K. Ragavaclmri and the proposer. 

Question 1745 

(D. R. KAPREKAR)We have 91 * 819 = 74529 and also 9901 x 980199 
= 9704950299 where the corresponding numbers in the second multi¬ 
plication are obtained by inserting 9 and 0 alternately before the first 
digit and between the successive digits of all the numbers in the first 
multiplication. It will be found that the multiplication is still true if 
we insert alternately blocks of 99 and 00 or 999 and 000 and so on. 

It is required to find the principle underlying the result and to 
find other number pairs like 91 and 819 with the same property. 

Solution by V. Narasimhamurti. 

Let 10-ai, aj, 10-as, • ■ • • and 10-hi, bn, 10-fes, ■ • • - be the 
digits in order from the left of the two given numbers of m and w 
digits. Hence the given numbers are / 

{(10 - ai) 10 W_1 + as 10 m ~ 2 + • • •} and {(10-hi) !«*-» +fc 10"- s + • ■ 
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Solutions to Questions 

Let their product be the number of l digits 

(lO-ciUO'-'+eo 10 ,_2 + (10-c s ) 10'- 3 +. 

where 10 -cj, r: 3 , ■ ■ • • are the digits from the left in the product. A 
general statement of the problem would require that the following 
equality will hold for every integer s>0, viz., 

{(10 s -M(10 ! )"~ 1 + M10') nH! +-] {(10 s -ui)(10 s )’ n “' + «j( 10 s )” ,_3 + ■ • • } 

-( 10 *-ci)( 10 I )' _1 + ci( 10 s y _s + - - - - ... I 

Putting 110 s = x, I can be written in the form 

{ x m - m .r“ _1 + (m + 1 2 - + } {x“ - 1>, + (h + l)x”" s - + } 

= {x‘ - ci + (« + l)x i_s —+■ • • • ] ... II 

So that we have m + n = l 

Ci — cii + bi 

d + 1 = +1 + b-2 + 1 + ciibi 

eg ■» os + bg + ai (hi + 1) + l>i(a-2 + 1) 
ei + l = Oi + l + l>i + l + uibg + ugb\ + +1 )(b-2 + 1) 

etc. 

Since the digit in the first place must be greater than zero, 
10>tu, in, ci >0. 

The digits in the other places are such that 

10>«>, bit, 10>£/ , b , i r , ..>0 

+ I, 2f + I, 2r+ I 

we can now construct any number of examples with the required 
property. 

Let us take 71 as the multiplicand, and let (10 — f»i) 10 3 + i»al0 
+ (10 - bg) be its multiplier. The product is 

(10 s - 3-10 +1) {10 s - bi 10 s + (fe + 1) 10 - bg}. 

Putting x = 10 we get as in II 

(x* - 3x +1) {x 3 - 6)x s + (6 s +1) x - bg} 

= x 6 - c\x* + (e» + 1) x s - cjx 2 + (c* + l)x - 
where 10-ci, t% 10 -eg, a 10-c 0 are the digits of the product from 
the left. 

Our limitations then are 

10>ci= 3 + 6i>l 

10]>C2 = - 1 + 6a +1 + 36i + 1>0 

10>cs= bg + 362 + 3 + 6i>l. 

10^>C4 = - 1 + 31)8 + fe + 1>0 
10>c 6 = 6s >1. 
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Solutions to Questions 
Subject to these inequalities we may take 

(1) 6, = 2, 6,-1, fc-2; 

whence the product becomes 71x 818 = 58078; 

(2) fc, = 2, 6j = l, fca-1; ‘ 

whence the product becomes 71 x 819 = 58149; 

(3) b\ - 2, bj-0, fe = l 
whence we have 71 x 809 = 57439. 

Other pairs of numbers can bo obtained in the same way 
Eg. 82x 708 = 58056; 918 x 709 = 650862. 

Ri murks by the Proposer. 

The Solution given by J. Mahrenholz in Vol. V, No. 4, p. 188 is 
only an algebraic rendering of the question, while in the other exam¬ 
ples given by him the figures to be inserted are not 9 and 0 as 
required in the question. 

Though I have not succeeded in getting a genera; formula, I 
have by continuous thinking over the matter for over a dozen years 
obtained empirically nearly a hundred such pairs with the property 
stated in the question of which I give a few below :— 

81x 729 = 59049 
71x819 = 58149 
81x819-66339 
92 x 729 = 67068 

In the two pairs given below, we have to regard groups of two 
digits as units between which groups of 9’s and 0’s are to be 
inserted. Thus 

94 03 92 x 93 02 = 87 47 52 63 84 
994003992 x993002 = 987047952063984 

We may also insert r nines and r zeros in the gaps instead of 
single nines and zeros. 

Again 97 01 93 x 98 01 92 =* 95 09 75 41 70 56 
is another product with the same property. 

Question 175Q 

(D. £t. KaPREKAR)—P rove without actual multiplication that 
the last nine digits of huge number N given below are 999977778, 

N-(546194538){1 + (24580)+<24S80)'+ • * ■ +(24580)'°}, 

6 
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Solution bp R. Sharangi, 

N - 546194538 x {1 + 24580 + (24580)“+ ■ • • • + (24580) 10 } 

‘ 546194538 * • 

- -^pf 38 * {(24580)" ~ 1- } = 22222 | (24580)" - 1} 

- a number ending in 11 zeros - 22222. 

Hence the last nine digits of N are 
999, 977, 778. 

Also solved by H. Z. Oilomi, B. Venkataramana Kolia, V. Nara 
shnhamurti and J. Mahrenholz. 


Question 1759 (Corrected) 

(K. RANGASWAMl):—If x>l and r , * are positive integers, then 
* x r ~ X~ r X s — a .’” 5 
r ^ s 

according as r ^ s. 


Solution by B, R. Vcnkataruman. 

Let r be a positive integer. Then if x>0 and 0 <k%2r-l, 
we have (x ir 4 - l)(a* M -1)>0. 

i.e., .r s,+1 + l>x Sr “ 4 + ,r 4+1 

Giving the values 0, 1, 2,. r -1, for k in succession and 

adding up we get 

r(x 2r+1 + l)>x + x 2 + • ■ - • +.T Sr . 


Hence, if .r>l, so that x-1 is positive we have 


i.e. 


i.e. 


r(x - l)(z s,+1 + l)>.r 2M1 - x. 

(r + l)(r 2,+1 -.T)<r(.T 9 ' +2 -l) 

x 9H1 - X ^ x 9,+2 - 1 
--- 

r r +1 


Multiplying both sides of the inequality by x' :rM; we get, 
x?-x-’ ar c,,+15 

~ < 7 + 1 — 

It follows immediately from the above that, when x>l 

x 4 - X~' > X* - x _< > 

— -— <; —-— according as r ^ s. 
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If we substitute - for x in the above result the inequalities are 


reversed. 


Thus, if .'£<1, 


x’ - x~ r < x s ~ x 


> 


“ —- according as ? ^ s. 


. Also solved by C. Radhakrishna Rao and R. Sharangi. 

Question 1762 

(R. Ram AN U jam! —If p, q, r represent the lengths of the 
altitudes of a triangle, find an expression for the area in terms of 
p, q, and r. 

Solution by Johannes Mahrenholz. 

Let a, b, c be the sides of the triangle and A its area. 


Then ap^bq = cr- 2A 


Now, 16A 2 -(a 4 b + c)( - a + b + c)(a - b + c)(a + b-r) 

“ 26 A 4 / 1 + -+ 1 )(- 1 + 1 + 1 Y l - 1 + 1 - 1 )' 

v p q r J\ p q r/\p q r/\p q r / 

A - p-q-A 4- {(pq 4 qr 4 rp)( ~pq + qr 4 rp)(pq -qr+ t p)(pq + qr - rp)}^ 


Also solved by B. R. Venkataraman, C. Radhakrishna Rao , 
R. Sharangi, K. S. Ranganathan, S. N. Kawalgikar and analytically by 
B. G. Pandse. 



REVIEWS 


J. TINBERGEN : An Econometric Approach to Business Cycle Problems : 
Hermann & Co., Paris, 1937 , 73 pp. 18 francs. 

The usefulness of the mathematical method in economic research has not 
yet been fully realised in India, but in the West almost all the work in the field 
is done with this powerful tool. The book under review is an attempt at a 
mathematical treatment of the business cycle problems of the Netherlands. 

The first of the three chapters of the book introduces the variables involved 
in the analysis. There are thirty-two of these consisting of prices, quantities, 
and values. They are connected among themselves by twenty-two regression 
equations which have been fitted in by the partial time regression method. 
These equations are valid only for the short run for, in their construction, as the 
author admits, long run influences such as the effect of new investments on 
productive capacity have been ignored. Again, it is assumed that workers spend 
the whole of their income whereas non-workers spend only a part of it. The 
most important of the conclusions reached by the author seems to be that the 
interest rate has not exerted much influence on the volume of investment. In¬ 
vestments and savings are found to be independent of each other for the short 
period but the author agrees with Mr. Keynes with regard to the long run 
relationship between the two. 

The second chapter draws attention to the various problems in the history 
and the theory of business cycles that could be studied with the help of the 
variables and equations of the first chapter, and gives a detailed discussion of the 
relative importance of national and international influences in the theory. The 
author’s conclusion is that the chief cyclical movements noticed are the 
imported ones. 

The last chapter is concerned with business cycle policy and it is here that 
the author is at his best. He examines the various possible ways in which a 
Government might combat a depression. If the international economic position 
undergoes no change, the alternatives suggested are Investments on public 
works. Rationalisation, Lowering of monopoly prices, Wage reductions or 
Devaluation and the conclusion reached is that devaluation is the most favour¬ 
able policy at least for the short run. If on the other hand international 
changes have to be reckoned with, the choice lies between stable exchange rates 
and stable prices. The latter will involve manipulation of public investment so 
as to make the total volume non-cyclicai. The former leads to manipulation of 
exchange rates so as to equalise the price index for imports with its own trend 
value. The stabilising effect of the manipulation of exchange is found to be 
larger than that of the other. Coming to the question of the best policy, that is, 
the stabilisation of the level of employment or more generally the attainment of 
“ the maximum of collective ophelimity ” the author suggests changes in the 
existing coefficients wherever possible and the introduction of new coefficients 
like cost of living clauses in wage contracts. However he leaves the question 
open and concludes that his study only suggests a programme for further work 
and that what he has offered here must be regarded only as provisional findings. 
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The attention of the reader may now be drawn to one or two errors of omis¬ 
sion and commission found in the book. The regression coefficients given have 
not been tested for significance and some of them are too small to permit any 
valid conclusions to be drawn from them. Secondly, many of the equations 
appear to have been over-simplified at the cost of accuracy, for instance, on 
pages 22 and 30 . Thirdly in Chapter II on page 58, the author’s conclusion that 
the movements of income consist of two cyclical components is not correct. The 
component dependent wholly on internal economy is given by cixi+axi' 
where x t and x% are the roots of the equation x* — -IS*— 26 = 0 . It is clear that 
both of them are real but since they are proper fractions, this component 
becomes insignificant with the passage of time and the other one predominates. 
The fact is that the cyclical movement is entirely imported from abroad and 
this may entail changes in the arguments of the first part of Chapter III in the 
book. 

Notwithstanding these defects, the reviewer has no doubt that this admir¬ 
able treatise will be of great benefit to workers in the field of Trade Cycle theory. 

Atinamalainagar. S. Subram anian. 

M. V. JAMBUNATHAN. M.A., Bala Thrikonamiti, M. V. Seshadri & Co., 
Bangalore, X + 100 pp. Price Annas Twelve. 

This excellent booklet on Elementary Trigonometry by Rashtra Bhasha 
Visarada M.V. Jambunathan, Lecturer in Mathematics in the Intermediate 
College, Bangalore, seeks to give an introductory course in the subject up to 
the solution of right-angled triangles. The exposition is clear and illustrated 
with diagrams and worked examples, while there are a fair number of graded 
problems for the learner. The book should prove exceedingly useful to students 
preparing for the Mysore S.S.L.C. for whom it is primarily intended. 

The preparation of technical books in the several Indian vernaculars is the 
first step towards the percolation of present-day scientific knowledge and 
experience to the masses and a powerful impetus to this movement is the prog¬ 
ressive vernacularisation of the High School and the pre-Graduate courses which 
are being attempted in the various parts of'the country today. While this makes 
for a more intimate acquaintance with the subject-matter, one should not alto¬ 
gether lose sight of the transition to a different language which is inevitable for 
one pursuing more advanced courses. A careful choice of notation and termi¬ 
nology with an eye on the whole of the country can help in softening this 
transition, and it is gratifying to note that the author has recognised this 
need. Occasionally, however, one meets a phrase which suggests something 
quite different, e.g. “ Samakona Trikona” which suggests an equilateral 
instead of a right-angled triangle. 

For an elementary course, such as is intended by the author, the 
introduction of the general angle and its trigonometric ratios may well 
have been omitted. Possibly its inclusion is the result of the author re¬ 
printing the first few chapters of a bigger book under contemplation. 

A table of natural signs, cosines and tangents at the end, a glossary 
of technical terms at the beginning enhance the value of the book. 

A. Narasinga Rao. 



BOOKS RECEIVED FOR REVIEW 


George Abraham Miller : Collected Works, University of Illinois, 
Urbane, Illinois. 

Milne-Thomson : Theoretical Hydrodynamics, Macmillan & Co., London. 

Actualites Scientifiques el Industrielles, Hermann et Cie, Paris. 

No. 552 . Georges Hostelet : Les fondemenls experimentauxe de /’ Analyse 
malhemaliquc des faits statisques. 

No. 565 . Moshen Hachtroudi: Les Espaces d' elements a connexion pro¬ 
jective Normale. 

No. 570 . George Valiron : Sur les Valeurs cxceptionncllcs des fonctions 
meromorphes et de leurs derivees. 

No. 571. Florin VASILESCO: La notion de capacite. 

No. 578. C. de La Vallee POUSSIN : Les nouvelles methodes de la Theorie du 
Patentiel et le P ruble me generalise de Dirichlet. 

No. 585 . Georges Hostelet: Le concours de /’ Analyse mathematique d 
VAnalyse experimentale des faits statistiques. 

No. 589- Albert LautmaN: Essai sur l' unite des sciences rnathematiques 
dans leur developpement actuel. 

No. 590 . Albert Lautman : Les schemas de structure. 

No. 591- Albert Lautman : Les schemas de genise. 


ANNOUNCEMENTS AND NEWS 

The following gentlemen have been elected members of the Society:— 

J. L. Sharma, M.A., Lecturer, Christ Church College, Cawnpore. 

Jageshwar Dayal Vaish, M.A., B.Sc., Teacher, Sadul High School, 
Bikaner. 

D. N. Moghe, Research Scholar, Fergusson College, Poona. 

The Managing Committee of the Indian Mathematical Society has been 
reconstituted as follows for 1939 - 40 . 

President : Dr. R. P. Paranjpye, M.A., D.Sc. 

Treasurer ; Prof, L. N. Subramaniam, M.A. 

Librarian: Prof. R. P. Shintre, M.A. 



Announcements and News §1 

Other Members 

1. Dr. R. Vaidyanalhaswamy, M.A., D. Sc., F R.S.E. 

2 . The Hon'ble Dr. Sir Shah Mohamad Sulaiman, Kt., M A., LL.D., D. Sc. 

3 Dr. A. N. Singh, M. Sc., D. Sc. 

4 . Prof. Arunachala Sastri, M.A. 

5 - Prof. A. Narasinga Rao, M.A., L.T. 

6 . Dr. F. W. Levi. 

7 . Dr. P. L. Srivastava, M.A., D. Phil. 

8 . Dr. S Chowla, M A., Ph. D. 

9 . Dr. Ram Behari, M.A., Ph. D. 

With the financial co operation of the Punjab University, the Indian Mathe¬ 
matical Society is printing Dr. Hansraj Gupta’s Table of Partitions giving the 
values of p ( n ) up to n = 6 oo and also the values of (n, m), the number of parti¬ 
tions of n of which the smallest element that occurs is m, for values of n up 
to 300 . This table has enabled Dr. Chowla to show that Ramanujan’s conjec¬ 
ture regarding the divisibility of p(n) by q* where q = 5, 7 or II and 24 n-lis 
divisible by <?», is not true when q - 7 , «=3 (Vide: J. L. M. S. Vol. 9 , p. 247 ). 

The University of Illinois Press recently published Volume II of the Col¬ 
lected Works of Professor G. A. Miller. This volume includes an article of 
36 pages on primary facts of the history of Mathematics and the correction of 
errors in text-books on this history, but the greater part of the volume is 
devoted to the publications of its author during the years from 1900 to 1908 . 
These are practically confined to the theory of groups of finite order. This is the 
first time that an American university published the collected works of one of 
its faculty relating to pure mathematics. 

We regret very much to announce the death on 12 -II -1938 of Pandit 
Hemraj, M.A., Principal of the Dayal Singh College, Lahore. Pandit Hemraj 
has been a member of the Indian Mathematical Society since 1915 and was an 
active member of its managing committee for over 13 years. 


QUESTIONS FOR SOLUTION 

1766. (D. R. KAPREKAR). If A, B, C, D are four integers eaoh 
containing the same numbers of digits such that A + C = (9)* and 
B + D-(9)\ then 

(A*B)h(GxD) + (AxD) + (BxC) + A + B + C + D-(9) M . 

r 

[The symbol (9) 1 is the integer formed by the digit 9 repeated 
l times.] 



02 Questions for Solution 

1766. (S. S. PiLLAl). There are r bags each containing a fixed 
number of balls. By taking at most t bags at a time, we want to 
form groups containing any number of balls from 1 to n. Let f(t, n) 
denote the least value of r for which this is possible. 

Show that f(t, n) =- [(» -1) (2' - 1)] + 1 . 

1767. (W. F. Kibble): Evaluate 
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and each of its minors. 

1768. (R. RAMANUJAM). Construct geometrically a triangle given 
the lengths of the internal bisectors of the three angles. 

1769. (A.. NaRASINGA Rao). ABC, A'B'O' are two variable tri¬ 
angles all of whose sides tend to zero. It is given that the limits 

. exist and are all equal to l. Show by examples* 

that the conclusion (suggested by similar triangles) that the limit 
of (area ABC, /area A'B'C') exists and is equal to I s is not valid. Obtain 
the further conditions to be fulfilled in order that the result may be 
true. 
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A GENERAL EXTENSION OF FEUERBACH’S THEOREM 

BY 

K. RANGASWAMi, Anna mala inagar 

1. The interesting theorem in the geometry of the triangle named 
after Feuerbach* viz., that the nine points circle of a triangle touches 
its in- and ex-circles, has been shown to be a particular case of various 
other results. But many of the plane extensions of Feuerbach’s 
result could be derived as particular cases of a more general theorem 
which, besides, has other important applications to the theory of 
the Orthopolar Circles of the triangle. The Theorem in question is : 

THEOREM I :—If I' be a rantjc'i of conics awl I' any other ratnje 
fornwd by conics con focal irilh those of F, the mutual ortho¬ 
ptic circles of correspond inn confocals in F und I” belontj to 
a Consul system. 

2. It is well known that the totality of conics belonging to the 
net determined by three linearly independent conics can be put into 
(1 -1) correspondence with the points of a projective plane w. Taking 
for the three linearly independent conics, the absolute conic Q (consist¬ 
ing of the pair of circular points of the plane) and any two conics 2i, 
2 h of the range F, it is evident that in this representation, the conic 
Q will be represented by a point Q and the conics of the range F 
by the points of the line, say T, joining the representative points 
2i, 2a in tt. Now, a confocal system of conics is a range in which 
the absolute conic Q is a member. Since the line joining any 
point 2' in V to Q will meet F in a point 2, it follows that the 
points of the plane w correspond to the totality of conics confocal 
with those of F. Thus, any other line F' in n will represent a range 
of conics confocal with the conics of the range T. Further, a pair 
of corresponding confocals 2 in T and 2' in T' will be represented 
in the it plane by points 2' 2' collinear with Q and the point of 
intersection, say 0 , of the lines F and F' will represent the self 
corresponding member 0 in the two ranges. 


* Vide Casey Analytical Geometry, pp. 125-6. 
t A range of conics is a system touching four tines. 
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Let 2” be the harmonic conjugate of £1 w. r. t. the corresponding 
points 2, 2 - It is obvious that the locus of 2" is a line P" 
through a, Thus, the conics 2 "< which are the harmonic conjugates 
of the absolute £1 w, r. t. a pair of associated confocals like 2> '2.' 
belong to a range F" to which also belongs the self corresponding 
member a. 

Now, the F - conic of two conics a, passes through the points of 
intersection of the pairs of conics like a + A/3 = 0 and a - A/3 - 0, in the range 
determined by them. Thus the F - conic of Q and 2' in the confocal 
system (2» 50 must pass through the common points of 2 and 2 ■ 
In other words, the circle passing through the intersections of the 
confocals 2 and 2\ which is their mutual orthoptic circle is the 
director circle of 2 '• But, since the conics 2" belong to a range, 
their director circles are coaxal. It follows, therefore, that the 
mutual orthoptic circles of pairs of corresponding confocals belong 
to a coaxal system. 

3. We next proceed to derive the well-known extensions of 
Feuerbach’s theorem as special cases of Theorem I. 

Let ABC be a triangle and £1 the absolute conic consisting of 
the pair of circular points. Now, the conics in the plane having 
ABC for a self polar triangle and out-polar to £1 belong to a pencil 
8 and are the rectangular hyperbolas through the in- and ex-centres 
of the triangle. Hence, any conic 2 inscribed in the triangle is in- 
polar to all the conics of the pencil 6; so also is any conic 2' 
confocal with 2- 

If now, 2' is a point pair (P, P') P and P' are a pair of foci of 
2 and are conjugate points w. r. t. the conics of the pencil 8. In 
particular, P, 1^ are conjugate w. r. t. the three line pairs of 8 viz., 
the pairs of bisectors of the angles A, B, C. Thus, AP, AP'; BP, BP'; 
CP, CP' are equally inclined to the bisectors of the angles A, B, C. 
Therefore P, P' are isogonal conjugates w. r. t. the triangle. We 
have thus: 

LEMMA I :—A pair of isogonally conjugate points w. r. t. a. triangle 
are conjugate w. r. t. the pencil of rectangular hyperbolas 
through the in- and ex-centres of the triangle. 

Let 2 he any conic inscribed in the triangle and let its director 
circle cut the circumcirele of the triangle in X and X'. Since ABC is 
one triangle inscribed in the circumcircie and circumscribed to 2i 
there will be an infinity of such triangles. Thus, if XY, XZ are 
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tangents to 2 through X meeting the ciruumcircle again in Y, Z then 
YZ touches 2- Further, since X is a point on the director circle of 
2, XY and XZ are at right angles; therefore YZ passes through the 
circumcentre of ABC. Hence, corresponding to each point X or X' 
we have a tangent to 2 through O. If, however, 2 passes through 
O, the two tangents to 2 through O coincide; Consequently the 
points X and X' will also coincide so that the director circle of 2 
touches the eircumcircle of the triangle. 

Now, the polar circle of the triangle is out-polar to any conic 
inscribed in the triangle and, therefore, cuts orthogonally its director 
circle. Hence the director circle of 2 is inverted into itself w. r. t. 
the polar circle. But the inverse of the eircumcircle w. r. t. the 
polar circle is the nine points circle. Hence, the director circle of 
2 touches also the .line points circle we have thus : 

LEMMA II.- —If a conic, inscribe l in a triangle passes through the. 

rircumeenlre, its director circle touches the nine points (circle 
of the t riant fie. 

Consider a range F of conics inscribed in a triangle and let F' 
be any other range formed by conics confocal with those of I\ 
Now, since the conics of the pencil 6 are out-polar to those of the 
range F and to the absolute Q, they are also out-polar to the conics 
of the range F'. In particular, the singular members of F' viz., the 
pairs of opposite vertices, say, X, X'; Y, Y'; Z, Z' of the quadrilateral 
formed by their common tangents will be inpolar to the pencil 5. 
Thus X, X'; Y, Y’; Z, Z' are by Lemma I, isogonal conjugates 
w. r. t. the triangle and are also the foci of the corresponding 
confocals in F. If we call a quadrilateral whose three pairs of 
opposite vertices are isogonal conjugates w. r. t. a triangle, an 
isogonal quadrilateral of the triangle, we infer that: 

THEOREM II:— With every range F' of conics inscribed in an isogonal 
quadrilateral of a triangle, it is possible to associate a 
unique range F of conics inscribed in the triangle such that 
to every conic 2 in F there corresponds a confocal 2' in F'. 

Now, the mutual orthoptic circle of (X, X') and the correspon¬ 
ding inscribed confocal, is the pedal circle of X, X' w. r. t. the 
triangle. Hence we have by Theorem I and lemma I: 

THEOREM III :—If two pairs of opposite vertices of a quadrilateral be 
isogonal conjugates w. r. t. a triangle, then so will be the 
third pair and the pedal circles of the three pairs w. r, t. 
the triangle are coaxal. 
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4 . Let X, X' be a pair of isogonal conjugates w. r. t. a triangle, 
O any point on XX' and O' its isogonal conjugate. Now, since the 
point pairs X, X'; O, O’ are both inpolar to b all the conics of the 
range F' determined by them viz., the conics touching XX' at O 
and touching O'X, O' X' will also be inpolar to b. Hence, by 
theorem II there is a range I' of conics confocal with those of F' 
and inscribed in the triangle. Further there is a unique conic a 
belonging to both the ranges which touches XX' at O. Now, since o 
is a self corresponding member in the two ranges, the mutual 
orthoptic circle of a with itself is its director circle. Therefore, by 
theorems I and III the director circle of a and the pedal circles of 
O and X are coaxal. We have, thus, Mr. S. Narayanan’s result": 

If an axis of a conic inscribed in a triangle passes through a given 
point O, the au.i iliarg circle of the conic corresponding to this oris, the 
pedal circle of 0 w. r. t. the triangle and the director circle of the 
inconic touching the a.i is at 0 are coaxal. 

In the special case when O is the circumc.entre of the triangle, 

the pedal circle of O is the nine points circle. By Lemma II, the 

director circle of the conic o in the previous case touches the 

nine points circle. Hence, the pedal circle of P, P' also touches the 
nine points circle of the triangle. This is the well-known extension 
of Feuerbach's theorem"* ** by M' Cay, viz., 

If an axis of an inconic of a triangle passes through the circurn- 
cenire, the corresponding auxiliary circle of the conic touches the nine 
points circle. 

Let 2 ' be a conic of F' touching PP' at O and 2 the correspon¬ 
ding inscribed denfocal in F. By Theorems I and III, the mutual 
orthoptic circle of 2- 2 ', the director circle of o and the pedal circle 
of O are coaxal. If, however, O be the circumcentre we know 

by Lemma II that the director circle of o touches the nine 
points circle. Therefore, the mutual orthoptic circle of 2i 2' touches 
the nine points circle. Thus we have proved Mr. Ramaswamy 
Aiyar’s Theorem! viz., 

If a conic he inscribed in a triangle, and a confocal to it pass 
through the circumcentre, the mutual orthoptic circle of the two conics 
touches the nine points circle. 

* Vide An Extension of Feuerbach's Theorem J. I. M. S. Vol. X, p. 419. 

** Casey toe cit p. 329. 

t Proc. Edin. Math. Soc. Vol. XV, pp. 74-75. 

1 
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t 
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In the particular case when the confocal consists of a pair of 
foci of the inconic we get M'Cay's Theorem. 

6. We now pass on to apply theorems I and III to the theory 
of orthopolar circles of the triangle. 

Let l be any line in the plane of a triangle ABC ; D, E, F the 
mid-points of the sides and A', B', C' the projections on l from A, B, C. 
Now, there is a circle with centre D passing through B' C’; another 
with centre E passing through C, A' and a third with centre F 
passing through A', B'. These three circles in general have a unique 
circle L which cuts them all orthogonally. This circle has been 
called the orthopolar circle of the line / w. r. t. the triangle ABC. It 
can bo shown* that: 

LEMMA III: —if f he a conic inscribed in a triangle me/ the 

unique confocal to touch inn I the mutual orthoptic circle 

of 2' cuts orthogonally flic orthopolar circle of t w.r.f. 
Ilw triangle. 

As a particular case, when ' consists of a pair of foci of ^ we 
have 

LEMOYNE'S Theorem The pedal circle of any point on the line l 
w.r.f. the triangle cuts orthogonally the orthopolar circle of l. 

Let X, X'; Y, Y'; Z, 7/ be the three pairs of opposite vertices of 
an isogonal quadrilateral (of a triangle) whose sides are p, q , r, s and 
P, Q, R, S their orthopolar circles. Further, let X, Y, Z lie on />, Y, Z', X' 
on q, X, Z', Y' on r and X', Y', Z on s. By lemma IV, the pedal circles 
of X, Y, Z cut orthogonally the orthopolar circle P, the pedal circles of 
Y, Z', X' cut orthogonally the circle Q, etc. But, since a pair of 
isogonal conjugates determine the same pedal circle, the circles P, Q, 
R, S all cut orthogonally the pedal circles of X, Y, Z. By theorem III 
these pedal circles are co-axal. It follows, therefore, that the circles 
P, Q, R, S are also coaxal. We have thus : 

THEOREM IV:— The orthopolar circles of the sides of an isogonal 
quadrilateral w. r. t. the triangle belong to a coaxal system. 

Consider the range F' of conics inscribed in an isogonal quadri¬ 
lateral whose sides are p, q, r, s. By theorem II there is an 
associated range F of confocal conics inscribed in the triangle, 


* Vide The Orthopolar Theory. By V. Raraaswaroy Aiyar. J . I . M . S . Vol. IV 
pp. 313-3*5. 
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which will have besides its sides another line m, for a common 
tangent. Let m meet tlie sides of the triangle in A], Bi, C|. 

Now, the pair of points A, Ai together constitute a conic E 
inscribed in the triangle ; there is, therefore, a corresponding confocal 
conic E' in J". Hence A, Ai will be a pair of foci of E'. By- 

theorems I and III their mutual orthoptic circle i.e., the auxiliary 
circle of E 1 corresponding to this pair of foci will belong to the 

coaxal system determined by the pedal circles of X, Y, Z. But, the 
auxiliary circle of E' is the circle through the feet of the per¬ 
pendiculars from A (and A t ) on the tangents to E'. Thus, the 

projections from A on the lines p, g, /-, s all lie on a circle coaxal 
with the pedal circles of X, T, Z. Similar results hold good with 
regard to B and C. We are thus led to conclude that: 

THEOREM V :—The projection* of each vertex of 11 triangle on 
the tide* of on isogomd quadrilateral lie on a circle, and the 
three circle* correspond nut to the vertices bclont / to a coaxal 
system. 


THE MIQUEL-CLIFFORD CONFIGURATION 

BY 

B. R. VENKATAKAMAN, Research Student, Annnmatainaqar. 

1. The main object of this paper is to prove two theorems, the 
one defining the cyclic or the bicircular quartic as a certain locus 
and the other revealing certain symmetric properties of the Miquel- 
Clifford configuration. 

2. It is well known that 

the locus of a point P which is such that the feet, of the 
perpendiculars f'rom P on four straight lines 1, in a plane lie on a circle 
is a cubic curve E passing through the 8 points of the Miquel-Clifford 
configuration generated by the four lives /,. ... (2-1) 

If the cubic curve T be regarded as lying in the projective 
plane, it passes through the two circular points at infinity and is 

then familiarly known as the circular cubic. If P be a point on T, 

the feet of the perpendiculars from P on the lines f lie on a circle. 

Hence the. reflections of P about the four lines f lie also on a circle. 
Now the four lines /, are, from the standpoint of inversive 
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geometry, four circles passing through the ideal point at infinity D, 
of the inversive plane. Since the inverse of F is a circular cubic or 
a cyclic according as the centre of inversion does or does not lie on 
F, we have by inverting the theorem (2-1) 

The locus of a /joint P which is such that the interne of P w. r. t. 
four concurrent circles he on a circle is a cyclic tunc F' passing 
through the $ points of the Miqucl-Cliflord confUjiuutuni gem rnU l >»/ 
the four concurrent circles. ... (2-2) 

It is readily seen that F' passes through the limiting points of 
the six coaxal systems of circles defined by pairs of the given set 
of circles. The cyclic F' when regarded as lying in the projective 
plane is a circular cubic or a bicircular (juartic according as the 
centres of the four given circles do or do not lie on a circle. In the 
inversive plane F' passes through II in the former case, while in the 
latter it does not. 

3. The configuration generated by four lines in a plane is such 
that the centres of the four circles concurrent at any of its points 
lie on a circle—the centre circle of (lie four circles. The centre 
circle is a proper circle only in the case of the four circles passing 
through the Miquel point of the four lines, and it reduces to the 
point at oo, a in the case of the four circles through 0 i.e. the four 
lines generating the configuration. At every other point of the 
configuration two of the four circles passing through the point are 
proper circles while the remaining two are the line circles through 
the point. Hence the centres of the circles through such a point lie 
on a line circle i.e. the line joining the centres of the two proper 
circles through the point. Hence by theorem (2-2) the locus F' asso¬ 
ciated with any tetrad of concurrent circles of the configuration is a 
cubic passing through the 8 points of the configuration, and when 
it is regarded as lying in the projective plane it passes through the 
circular points at infinity. Thus the curve F' is the same with what¬ 
ever concurrent tetrad of the configuration we may start. Hence, 
inverting we have the theorem, that if the inverses of a point P 
w.r.t. a concurrent tetrad of circles of a Miquel-Clifford configuration 
lie on a circle then P is in the same relation with any other con¬ 
current tetrad of circles of the configuration. Taking now a fifth 
circle through a point C of multiple incidence of the above configu¬ 
ration, if the inverses of a point P w.r.t. the five circles through C 
lie on a circle, it is easy to see by repeated application of the 
previous theorem, that the relation of P with any other concurrent 
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set of 5 circles of the configuration generated by the five given 
circles is the same; and generally we shall have the theorem: — 

If the inverses of a point P w.r.l. a set of n concurrent circles of a 
Mi quel-Clifford confiquroiion consisting of circles and 2" 1 points 
lie on a circle, then the relation of P with any other concurrent set of n 
circles of the configuration is the same. ... (3-1) 

The particular case of the preceding theorem obtained by taking 
P to be the point at infinity Q is interesting and may be stated: 

If the centres of a set of n concurrent circles of a Miquel-Clifford 
configuration consistinq of 2 n_1 circles and 2"' 1 points lie on a circle 
then the centres of any other set of n concurrent circles of the configur¬ 
ation lie also on a circle. 

In fact if the inverses of a point P w.r.t. the n circles of the 
configuration lie on a circle, we can obtain another Miquel-Clifford 
configuration from the given configuration by associating with each 
circle of the given configuration a point—namely the inverse of P 
w.r.t. that circle and with each point of the configuration a circle— 
namely the circle through the n points associated with the n circles 
concurrent at the point. That the set of 2” 1 points and 2' 1 ' 1 circles 
thus obtained form a Miquel-Clifford configuration is a consequence 
of theorem (3-1). 

It is well known that every Miquel-Clifford configuration consis¬ 
ting of 8 circles and 8 points is invariant under a Mobius involution!. 
Hence it follows that the cyclic 1"' associated with the configur¬ 
ation is also invariant in the same Mobius involution. But it is known 
that every cyclic is automorphic with respect to three mutually 
harmonic involutions defined by the four mutually orthogonal circles 
of inversion of the cyclic. Hence it follows that 

“The Mobius involution under which a Miquel-Clifford configura¬ 
tion is invariant is one of the three mutually harmonic involutions 
w. r. t. which the cyclic T' associated with the configuration is auto¬ 
morphic 


t Ramamurthi, “ On a cubic transformation in circle-geometry ” Jour. Annamalai 
University, Vol. Ill, No. 2. 



A PROPERTY OF THE MATHEMATICAL 
EXPECTATION 


BY 

S. SUBRAM A N IAN AND S. P. SUBRAM AN I AN, Annamuluinut/ar. 


1. While working out a few of Chrystal’s problems on the 
mathematical expectation of a drawing from a bag containing coins 
of two kinds we noticed that the manner of drawing was not speci¬ 
fied and therefore we worked by the two different methods that were 
open to us. First we assumed that the coins were drawn one by one 
and replaced after every attempt and alternatively that they were 
drawn one by one but not replaced, or what comes to the same thing, 
that they were drawn at the same time. Both the methods led to 
the same result and we were tempted to investigate whether this is 
true in all cases. This note gives the details of our method of 
attack and draws attention to another surprising but very useful result. 

2. Let a bag contain a coins of one kind and b of another, 
each of the former being r times the latter unit in value. If k coins 
are drawn it is required to find the mathematical expectation of the 
value of the drawing. 

i. Suppose the coins arc drawn one by one and replaced. 

If U , “ p, and —’ 7—<J the expectation in terms of the second 
a + b a + b 

unit is easily seen to be 


p* • kr+k Ci- p k 1 q [(A; — 1) r+1)] 

+ *Ca p k -V [(A -2) r+2]+ • • • 
= kr [ p k + *Ci p k ~ l q +kQi p^'q* + • ■ ■ ■ 
- (r - 1) [fcCi • p k ~\j + 2 • *Oi p k ~y + 
=* kr{p + <l) k - (r -1) kq (p + q) k ~ ] 


°kr - (r - 1) 


kb 
a + b 


k{ar + b) 
a + b 


to k +1 terms, 
to k +1 terms] 

• • k terms]. 

• (A) 


ii. Suppose the coins are drawn one by one but not replaced 

(*) If k<C.a, k<.b the expectation will be given by 

——4r~ • kr + J~(fc — 1 )r + 1 ~] + • • to (/v + 1) terms 

<a+b)Kjh L J 


2 







102 


S. SUBRAMAN IAN AND S. P. SUBRAMANIAN 


kr 


-j^aC* + «C*-i • i,Ci+. (A +1) terms J 


(«+ ;C*I 

~ -^-TaCh-i i»Oi + 2 * aCh-2 * bC2 + 

[■ 


= Lr - 
= Lr~ 


(r-1)6 
(a + /»;C* 

(r-l)b 
<a + b)Gk 


• ■ ■ k terms J 

.Cfc-\ + aC *_2 ■ t-iCi+. k terms 

• («+& i Ca-i by Vandermondes theorem 


. ,B) 

(Q) a<k<h 

Now the expectation will be 

- Cu ' \cn + (A - o)l + a - a -’ ' *^=5±i F(« - 1)/- + (A- - a + 1)1 
c«+6>Ca L J (rtttjt/A L J 


[aC.-fcCVa+aCa-,- C, - ft -i 1 + 


(u + 1) terms 


« + A - w )| 

(af 6 ;Ca 

~ _T fl Qj . 1 1 + 2 * aCh !)Ch-a*2 + 

(a + 6)CftL 


to (u + 1) terms' 
• a terms. J 


By collecting the coefficients of x* in the product of (1 + x)“ and 
(It x)^ we find 

aCa ■ (iC*-a + aCa-l ‘ iCft-a+1+. to (a + 1) terms -» (« + b)Ck, 

Again 

uC ) -60*-.H + »-uC2-»C*-. ri +. 

*“ (l [6Cjt-a+l + ^a-1 )Cl*iCA-a+ 2 + * * 


— (2 [a-lCa-l'iCi-a + ]+a-lCa- 2 '&CA-a-f -2 H" 

-a [(att-i)C*] arguing as before. 

Henoe the expectation in this case is 


to u terms 
a terms] 
a terms] 


(or + k - a) ■ 


(r - l)u-(u + b- k) 


- ar +!; - a - (r - 1)« + 


(a + b) 
ka(r - 1) 
a + b 


k(ra +b) 
a + b 


(c) 


If a'>k~>b the result will be the same as can be seen by 
1 

changing r into multiplying the result by r and them inter¬ 

changing a and b. 

(r) &>a k>b 
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Now the expectation is 


ar + L ( "‘ t)r+( * 

-0 + 1)] 

, ^ aCk-b’bCjb f 

(flfft)CA l 

(k - b)r + /> ] 

(ar + k - a) f „ „ „ „ 

(«+6)L»A L 


r -i f n 

(<7 "t* ft)C M + • * 

• • to (tt + b-k) terms] 


This reduces to 

trr + k - a — 

kjra + h) 
a + b 


1 )a • (a + b — 10 
(a + l>)Ck 

...(D) 


3. The mathematical expectation is thus independent of the 
manner of drawing. It will also be seen that in all cases it i/s equal 
In the average value of a coin in the hag multiplied by the number of 
coins drawn. It may he remarked that the application of this 
proposition will save much labour that is now being wasted in the 
tedious process of calculating the individual probabilities for each 
case and then finding the weighted average. 

4. Example. 

A bag contains 3 sovereigns and 8 shillings. A man has the 
option first of drawing two coins at once or secondly, one coin and 
afterwards another provided the first be a shilling. Which had he 
better do ? 


The usual method 


In the first option the expectation is 

*40+ a ~ Cl ^ Cl x 21 + x 2 sh. 
ntxj ntxs nv/> 

40 x 3 24 x 21 28-2 _ 680 j4 , 
" 55“ + "55 55 ” 55 “ U 11 *’ 


In the second option it is 

3 on. 3 3 8x7 a _60 252 M , 

11 20 ll'lO* 21 + llxl0* 2 H + J* w" h ’ 

— sh, = 11 ^ sh. The first, is better. 

55 55 
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The New Method 

The expectation in the first draw = 


second draw = 


Thus the first is better. 


E-] 

sh. = 12 

68 8 

11 11 

67 L 

*-sh. 

680 + 536 

1216 

110 

no 

U 55« h - 



N. B.—lt could also be argued that the expectation of a draw of two coins 
simultaneously is the same as that of a draw of two, one by one without restriction. 
But as there is a restriction in the second option the expectation will be less. Hence the 
first is better. 

This paper has been concerned only with the case of two kinds 
of coins and the method followed has been of the traditional type. 
In a paper to be published shortly the most general problem con¬ 
cerning any number of different kinds of coins is solved, but here 
the usual method fails and a distinctly new approach has had to be 
made. 


GLEANINGS 


The number, — 2 s57 - I - 

231584. 178474. 632390 , 847HI. 970017. 375815. 706539. 969331, 28II28, 078915 . 
168015 , 826259 , 279871 , 

proved composite by Kraitchik and D. H. Lehmer, is interesting as being the 
largest ' genuine ’ composite number known, that is to say the largest number 
which is known to be composite but of which no factor has been found. 

r 

Hardy and Wright : An Introduction to the Theory of Numbers, 1938 . 


But at this moment of exaltation Brouwer appears with something that 
looks suspiciously like a flaming sword in his strong right hand. The chase 
is on : Dedekind, in the role of Adam, and Cantor disguised as Eve at his 
side, are already eyeing the gate apprehensively under the stern regard of the 
uncompromising Dutchman. The postulational method for securing freedom 
from contradiction proposed by Hilbert will, says Brouwer, accomplish its 
end—produce no contradictions —but “ nothing of mathematical value will be 
attained in this manner; a false theory which is not stopped by a contra¬ 
diction is none the less false, just as a criminal policy unchecked by a repri¬ 
manding court is none the less criminal. 


E. T. Bell : Men of Mathematics 



ON FINITE BOOLEAN ALGEBRA* 


BY 

Miss S. Panka.Tam, M.A., M.Sc., TTninersilt/ of Madras. 

This paper is devoted to a discussion of the known theory— 
namely, the representation of the finite Boolean Algebra as an 
algebra of Classes and as an algebra of Vectors. The ideas involved 
in the usual proofs of the representation (namely ‘ A finite Boolean 
Algebra can be regarded as an algebra of all sub-classes of a given 
class ') seemed to the present writer to call for more clarification 
and precision. Hence, a systematic proof of the above theorem is 
attempted on the basis of the ideas of the isomorphism between 
groups and also between two Boolean Algebras. (See Sections IV, V 
of this paper). On more or less similar lines, the representation 
of a finite Boolean Algebra as a Vector algebra (mod. 2) is also 
discussed. The first section of this paper, consists of a brief account 
of the development and characteristic properties of the Boolean 
Algebra; while the second section pertains to the theory of Minimal 
Elements in a Boolean Algebra. 

I. The Boolean Altjelim—Development anti Properties. 

George Boole (in 1847) founded a symbolic method of treating 
the ‘ Algebra of Logic ’,—also called Boolean Algebra after him. 
According to its laws, we are able to solve problems of logic by 
symbolic methods as in pure mathematics. Subsequently after Boole, 
other logicians chiefly Pierce and Schroder developed what has been 
called the Classic or Boole-Schroder algebra of logic. This was 
primarily applied to the abstract system interpreted as the Calculus 
of Classes which sets forth the possible relations between classes 
and inferences from class-relations. Other interpretations are also 
possible for the Boole-Schroder algebra, e.g. in terms of propositions. 
Fundamentally, propositions are more important than classes and in 
the Principia Mathematica, the algebra of Propositions is dealt with 
first and then systematically the algebra of classes is deduced from 
what are known as propositional functions. In Logie, the algebra of 

* This paper formed part of a thesis for which the degree of M 3 c. was awarded 
by the University of Madras. 

I take this opportunity to thank Dr. Vaidyanathaswamy for his kind guidance 
during the preparation of this paper. 
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classes has special importance. For, even in Boole's time, it was 
known that the conception of truth and falsehood could be formally 
expressed as an isomorphism between the propositional calculus and 
the two-element algebra of classes. 

The term Boolean Algebra is a more modern one and has come 
to be accepted as denoting an algebra which has the same formal 
type as an algebra of all sub-classes of a given class. The calculus 
of propositions though in general features similar to a Boolean 
Algebra, yet is not a Boolean Algebra; for there are no unique 
propositions which correspond to the ‘ Zero 1 and the ‘ Universe ’ of 
the Boolean Algebra. 

A Boolean Algebra can be roughly defined as a set of elements 

(a, b, c .) with two binary operations + and x, and a unary 

operation called negation satisfying the following properties: 

[Various systems of postulates for the class-calculus have been 
proposed by E. V. Huntington (5), B.A. Bernstein (1, 2), M. H. Stone (11) 
etc, with discussions as to their independence, consistency and 
so on. The earliest of these (which is also according to Eaton (9), 
Henle and Chapman (4) the be3t of all) is due to E. V. Huntington* 
(5). However, since in the present paper we are not concerned with 
the axiomatic point of view, we shall set down, the important 
properties of the Boolean Algebra without regard to the question of 
their independence, consistency and so on.] 

(i) n + b, a.b, a are also elements of the Boolean Algebra. 

(ii) Associative and Commutative property of Addition. 

a + b + c = (a + b) + c — a + (b + r ); a+b—b+ a. 

(iii) Associative and Commutative property of Multiplication. 

(i-i)-c = ((vb)-c = a-(b-r ); a-b — b-a. 

(iv) Double Distributive Law for Addition and Multiplication. 

a(b + c)=*a-b + a-c; (a + b ). 1 (a +c) = n +■ b-c, 

(v) Tautology Laws. 

n + a-a; n-n^n. 

(vi) Existence of the unique elements Zero (o) and Universe (I) 

with the properties: a+O-n; a-O — O ; a + I= /, «■/=«. 

(vii) Law of Absorption. 

a + (rb = a. 

* The system referred to here, is the first of the three sets given. > 


v 

i 




ON Finite boolean Algebra 107 

(viii) The negative a' (of u) lias the property that, to each a there 
exists a unique a such that a + a' —1 ; a-a'-0 

(ix) Laws of Duality. 

a + b = (d-b ')'; a-b- (a + //)'. If a=b, then (a')'=u" = a. 

Definition 1. An element a is said to ‘ contain 1 an element b 
(af-b in symbols) if an x exists such that a=b+x; b is said to be 
‘ contained ’ in a (b<.a in symbols). 

An immediate consequence of this definition is that 
If ai>b and b'^c, then a>c. 

(for, u = b+Xi-c + xi +x\; i.c. n>c) The following well-known 
theorems used in the course of this paper, are derived from the 
above definition and properties. 

THEOREM 1. (a) <i + b is the unique element contuintuy a and b 

such that ll is contained in an;/ element conhnntnq a and b. 

(b) a-b is the unique element contained in a and b, 

such that it contains any element contained in a and b. 

(In particular, it follows that if £>>«, Dfi>b, then + and 
if Z)<«, Z><6, then DKa.b). 

Proof; (a) Let D be an element such that D>a, D~>b. Then 
by definition 1, D-D + D = u-*-.n + /> + j'j“« + h + Ji + a' 3 . Thus Z)>a + f», 
i.e. a + b is contained in an element D which contains a and b, and 
obviously, a + 6>a, a + bi>b. 

(b) Similarly, let D be an element such that Z)<« 
D<ib. Then by definition 1, a = D + Ji, b = D + jc>. Hence, u.b™(D + x\). 
(D + xi)=D.D + D.x -2 + D.x\ + xi.xi (by v) = D + xi.x; (from the properties 
(i)-(vii): i.e. DKa-b.) Thus, a-b contains an element D contained 
in a and b and obviously, a-b<.a, a-b<b. 

It is easy to show that elements with these properties are evid¬ 
ently unique. 

Theorem 2. I>a>o. 

(Since by (vi) a + O-a, for all a, af>0. And since 
a+ /=•/, />a. Hence, />a>0.) 

THEOREM %. If ai>b, then a=b+a; a-b = b. < 

(For, since a>6, by definition 1, a-b+x: therefore, a-b“b(b + x) 
— b + b-x - b. A gain since a>6, a — b + x. 
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Therefore, a + b = b + b + x**b + x = a.) 

THEOREM 4. If a and b be any two elements then a-b<ia. 

(This follows from the law of absorption (vii).) 

THEOREM 5. If af>b, an unique x ran be foutul such that the 
two equations a = b + x ; b-x = 0 are satisfied- 

Proof: Since o>b, (by theorem 3), « = /» + « = (b + a).I 
*■ (b + a)-(b + b’) — b.b + b.b' + a.h + a.h’ = h + a.It' (from the properties of the 
Boolean Algebra, given above). And b-al> - a-bb' = 0. Hence, there is 
an x namely a-b' to satisfy the two given equations. 

Next to prove the uniqueness of x, assume that if possible 
x, y are two solutions of the given equations. Then we have 
b + x — b + y (since each = a) 
b.x.^b.y (since each=o) 

Multiplying the first equation by b' and adding the second equation 
to it, we have x(b + b') = y(b + b') ; i.e. x = y. Hence, a-b' is unique. 

Theorem 6 . 1/ a + b » t>, then a -= 1>, h = o. 

[for, <) = (Ht — a(a + b) = u + u-b = u. Similarly b = tl.\ 

Theorem 7. If a>b, then d<w. 

(This follows from definition 1, (ix), and theorem 3.) 

In this paper, we are concerned with a Boolean Algebra of a 
finite number of elements. 

A simple concrete illustration of a finite Boolean Algebra, is 
the algebra of all sub-classes of a finite class (say F) which arises 
when the sum and product of two sub-classes (a) and (b) are defined 
as the sub-classes resulting from the ‘ union ’ and the ‘ intersection ’ 
of (a) and (6) respectively. The Null-class and the Finite class (F) 
are the Zero (0) and the Universe (/) of this Boolean Algebra. The 
negative (o') of a class (a) is the class of all elements in I which 
do not belong to (a). All the properties given above for the Boolean 
Algebra can be directly verified for this algebra of sub-classes. It is 
clear that a sub-class (a) * contains ’ a sub-class (b) according to the 
definition given above, if ( b) is part of («). 

II. The Minimals* of a Finite Boolean Algebra. 

The important idea of Minimals in a Boolean Algebra was first 
introduced by E. V. Huntington (5) under the name of Irreducible 
Elements. The fundamental properties of minimals are two:— 

* See B.A Bernstein (i), for properties and alternative definition of minimals. 
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namely any element of the Boolean Algebra can be expressed as a 
sum of minimals uniquely (see theorem 12) and the product of two 
distinct minimals is Zero (see theorem 10). Later on, B.A. Bernstein (1) 
developed the theory of minimals and their duals (which he calls 
Maximals) more systematically. Obviously Maximals have the same 
relation to the operation x as minimals have to the operation +. 

The conception of minimals is important in many ways. For 
instance, the theory of minimals and maximals is the counterpart in 
the Boolean Algebra, of the known theory in the propositional 
calculus of the Disjunctive and Conjunctive normal forms of a 
general logical expression (logiselie ausdriicke) involving a given 

number of propositions (Ai, A?,.,A») as dealt with by Hilbert 

and Aokermann (7). Again, the theory of minimals is the key to the 
proof of the thoorem have set out to prove in this paper (i.e. a 

finite Boolean Algebra can be regarded as an algebra of all sub-classes 
of a finite class). Similar properties true for the generalised Boolean 
Algebra have been proved by M. II. Stone (10) who lias for the 
purpose generalised the theory of minimals (or atomic elements 
as he calls them). Bolow, I give a definition*' of minimals and 
some of their characteristic properties. 

Definition A non-zero element of a finite Boolean Algebra B 
is said to he a minimal if it does not contain any element other than 
itself and zero. 

THEOREM 8. Evert/ non-zero element of a finite Boolean Alt/ebra B 
contains u minimal. 

Proof: Let a be an arbitrary element ( + «) of B. Then since 
afi-O, a is either a minimal or not a minimal. In the former case, 
since a contains itself, the theorem is once proved. In the latter 
case, it follows from definition 2, that a contains an element b 
different from itself and from zero. Again b can be a minimal or 
not a minimal. In the former case the theorem is proved since a 
contains a minimal b. In the latter case, it follows in the same way 
as before that there is an element c contained in b different from b 
and different from zero. Proceeding thus, since the total number of 
elements contained in a is finite (because B is finite) we arrive at a 
minimal contained in a in a finite number of steps. 

* An investigation which establishes this theorem for the general Boolean Algebra, 
has been made by M. H. Stone (lo). 

** It is easy to show that this definition is identical with Bernsiein’s definition. Sec 
my paper ‘On Symmetric Functions of n elements in a Boolean Algebra .’—Journal of 
Ini. Math. Soc. p. 4,, Vol. II, No. 5. 

3 
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THEOREM 9. If a be an arbitrary element , and wt be any minimal, 
then either a.m=0 or a.m = m. 

Proof: For by theorem 4, am<Im. But since rn is a minimal, 
the only elements which are <w are 0 and m. Hence, urn *■ 0 or 
am «= m. 

THEOREM 10. The product of two distinct mini mats is zero. 

For, if mi, mil be two different minimals, by theorem 9 above, 
tnytm^O or vi\ ; my mi — 0 or in«. But since the two statements 

can be true only if m\tm = 0. 

THEOREM 11. The only element which is orthoyowl * to all mini¬ 
mals is zero. 

Proof: Let xm = o for every minimal m. We shall show this 
is impossible unless x is zero. For, if x¥=U, by theorem 9 it contains 
a minimal m so that x-in = 0. This contradicts our hypothesis namely 
that x-m^O, for every minimal in. Hence, x = 0. 

THEOREM 12. Every element can be expressed uniquely as a sum 
of minimals. 

Proof: Let a be an arbitrary element and let all the 

minimals of the finite Boolean Algebra B be mi, mi, • ■ • him, m* t i, * • 

• • • • Mr. If m be any one of the minimals, then from theorem 9, 
a.rn = U or a.m - m. Hence, all the minimals can be divided into two 
classes such that for the minimals of the first class a.m=m, and for 
the minimals of the second class u.m = 0 ; i.e. the minimals of the 
first class are contained in a and the minimals of the second class 
are not contained in a. And since af=0, there always exist by theo¬ 
rem 8 minimals which are contained in a. Let m\, ■ • • • , 
be the minimals contained in a,,and nun, nik+i, ■ • • • ' a n be those 
not contained in a. Then since a>nij, a>wi 2 , ■ • • • , a> ink, we have 
by Theorem 1 «>»q + m 2 + ■ ■ • ■ +nik. Hence by Theorem 5, we can 
always find an unique x such that 

a = (mi + W 2 + - ■ • • +mk) + x. 
and, x(mi + ma + • • • • + mh) - 0. 

And by (iii) of Sec. I and Theorem 6, it follows from the second 
equation, mix = 0, mrx = 0, • • • • , tmx - 0. 

Next considering the minimals (wz*+i, m* + s, ■ • • • m,) of the 
second class, since by Theorem 9 a.vik+\ — (); • ■ • ; a.wis-0, and also 

* In a Boolean Algebra a is said to be orthogonal to b, if a.b=o.—tt, H. Stone <I0>, 
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since a>x, it follows from Definition 1, (iii) of Sec. I and Theorem 6 
that 

x.mki-\ = 0, x.mk+i = 0, ., x.ink ~ 0 . 

Thus we see, x.ni\ = o, x.mi = 0, • • • ■ x.m r = 0. 

Hence by Theorem 4, x = 0. 

Therefore, a = un + mz .+ mk = the sum of the minimals 

contained in a ; and this expression is evidently unique. For the 
sake of convenience, we shall refer to these minimals (i. e. the mini¬ 
mals contained in a) as ‘ minimals of a 

THEOREM 13 . The minimals of an algebra K of all sub-classes of 
a finite class C, are the one-element sub-classes of C. 

For, in the algebra of all sub-classes of a finite class C, the 
minimals by definition 2, are those sub-classes which do not contain 
any sub-classes other than themselves and the Null-class. Such sub¬ 
classes are obviously the one-element, sub-classes of C. 

III. The Abelian Disjunction * group constituted by the Elements of B. 

Contrary to what happens in ordinary algebra, the elements of a 
Boolean Algebra B do not form a group with respect to either of 
the operations + and x. But however, we can define an operation 
called disjunction and denoted by © for which the elements form a 
group which is abelian. 

Definition 3. The disjoint of two elements a, b is given by a 
a © b = ah' + a'b. 

[Hence, in the algebra of classes, the disjoint of two classes (a) 
(b) is defined as that class of elements which belong to one but not 
to both of the classes (a) and (6)]. 

Some chief properties t of disjunction are : 

(a) It is commutative and associative. 

(b) a®0-a\ a©o-0; fl©I-a'. 

(c) It distributes x. 

* See B. A. Bernstein (2); See also M. H. Stone (u), and also p. 103-105. Proc. of 
the Nat Acad, of Scieneet 1935. But the dual operation namely conjunction, is not 
studied by M. H, Stone in the above two papers, See also R. Vaidyanathaswamy (12). 

t For proof of the property (c) see my paper—" On Symmetric Functions etc.” loc, 
cit page 8, th. 2. 
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(<■/) (i + b- (ut&b) + <i.b. 

(for, from definition 3, <t®b + a.h = a.h' + a'.b + a.b. 

= a(b + !>') + n’b = a + b). 

Corollary. If ab = (>. a+ 6 = a©ft. 

From (ft) we can at once see that the identity element of the 
group with respect to disjunction is <>, and that each element has 
itself as its own inverse. Also since, = each element except 
of course 0, is of order 2. Further, since disjunction is commutative, 
the group is abelian. 

Now from the theory of finite abelian groups, we know that 
any such group possesses a set of basis-elements i\, i«, . . . in ; so that 
any element of the group can be uniquely expressed in terms of the 
elements i, by means of the group operation. Hence, for the finite 
abelian group constituted by the elements of the finite Boolean 
Algebra B with disjunction as group operation, there exists a basis 

(say) j'i, h, . in, which we may call a Disjunction-Basis of B ; and 

any element of the disjunction-group B, can be expressed as the 
continued disjoint of elements chosen from these ?’s each i occurring 
possibly more than once. But since every element, and therefore 
every basis-element is of order 2 with respect to disjunction, it 
follows that each i occurs only once or not at all in the simplified 

expression of a as the continued disjoint of the f’s. Thus, i\, i« . in, 

being a disjunction-basis of the Boolean Algebra, any element a 
can be expressed as the continued disjoint of a unique sub-set of 
these /"s. 

It is clear that a disjunction-basis of B is not unique. We shall 
now proceed to show that the minimals of B constitute a special 
disjunction-basis. 

THEOREM 14. The set of minimal* of a finite Boolean Algebra ( B) 
is a disjunction-basis of B. 

Proof; For, from the corollary of (</), it follows that the 
sum of a finite number of elements is equal to their continued 
disjoint provided the product of every two of the elements is zero. 
Hence, by theorem (10) the sum of a number of minimals is 
equivalent to their continued disjoint. And since by theorem 12 
any element of B can be expressed uniquely as the sum of minimals 
of B, it follows that any element can be expressed unique!y as the 
continued disjoint of minimals of B. Thus the minimals of B 
constitute a Disjunction-Basis. 





On Finite Boolean Algebra 


113 


THEOREM 15. The minimal s of n-b, are the mini nulls which 
belong to both a and h. 

Proof : Let ip, iq, . . . , n, iy, ... be the minimals of <i, h, 
respectively. Then by Theorem 14 we have, 

</ = 7'/>®7 ? ®/,®. 

b = 7l®('y®/j©. 

Then, a-h^(ip'Biq ( Bi„(& . . .)-(7 t ©/ y ®7 . . .) 

^the continued disjoint of those minimals which 
belong to both </ and h (since //. x/ 7 = w) 

IY. Isomorphism belnee.i Urn Boolean Algebra s. 

Deflation J. Two Boolean Algebras L, Li are said to be 
isomorphic if there is a one-to-one reversible correspondence between 
the elements of L, Li which preserves the ‘ containing ’ relation (i.e. 
if a, b; m, ; be pairs of corresponding elements of L, Li, if aJ>h, 
then a\>b\ and / icc-rersa. 

The following theorems regarding the isomorphism of two 
Boolean Algebras L, Li, are fundamental. 

THEOREM 16 . Tf two Boolean Algebras arc isomorphic, then 

(i) 0 , / of either < orrespond to O, / of the other. 

(ii) Minimals of one correspond to minimals of the other. 

(iiit Sum and product of elements of one algebra, correspond 
to the sum and product of the corresponding elements of 
the other algebra. 

(iv) The negative of an element of one algebra corresponds to 
the negative of the corresponding element of the other. 

(v) L , L\, considered as disjunction-groups are also isomorphic. 

Proofs :— (i) Let a, «i be a set of corresponding elements of 
L, Li and suppose .r, ?/, of Li correspond to 0, I of L. Then since 
by Theorem 2, Ij>a>t) for every a, it follows from the definition of 
isomorphism that yj>aij>. r for every m. This can be true only if 
x = 0 and y = I. 

(ii) Let m be a minimal of L and let an element ng of Li 
correspond to m. Suppose if possible mi is not a minimal. Then 
from definition 2, mi must contain an such that x\f=m\ andf=0. 
Now by (i), 0 of L corresponds to 0 of Li; let x of L correspond to 
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j'i of l\. Then from definition 4, it follows that \n>x such that 
x^pm, x^O. This contradicts our hypothesis namely that m is a 
minimal of L. Hence m i must be a minimal of L|. 

(iii) Let a, b ; aj, l>i, be two pairs of corresponding elements of 
L, Li and let .r of Li correspond to a + 6 of L. We have to prove 
.r = «i + 6i. Now by Theorem I, a+b is the unique element >a and 
~>b and contained in any element which is >a and >fr. Therefore, 
since L, Li are isomorphic, x is the unique element contained in any 
element which is >ai and >fci and which is itself >ai and ~>b\ i.e. 
by Theorem I, ,r“Oi + fti. Thus, <n + b\ corresponds too + b. Similarly 
we can prove that a\-b, corresponds to ah. 

(iv) Let a, ii\ be a pair of corresponding elements of L, Li. Also 
let o' be the negative of a. Let us assume .r of Li to correspond to 
o'. Now from (vii) of Sec. I. the equations aa' — O, a + a' rM I hold for 
every a and its unique negative a. Now since L, Li are isomorphic, 
we have from (iii) above, ayx, rq + .r corresponding to an, n + o' res¬ 
pectively. And since 0, I of Li correspond to 0, I of L, the equations 
a{-x = n, n\ + x=I, (7>a by Theorem 2) hold for ai, x and by Theorem 
5 have a unique solution for x namely a'vl—a' i by (v) of Sec. I. 
Hence, o' i (the unique negative of ai) corresponds to o'. 

(v) Let a, b; ai, 6i be two pairs of corresponding elements of 
L, Li. By (iv) a\, b\ correspond to a, b' respectively. Hence from 
(iii) mb' i corresponds to a-b', and ai-ln to a'-b; Therefore, arb'i +o’rbi 
corresponds to a-b'+ a'-b i.e. ai©bi corresponds to a®b. Thus the two 
disjunction-groups constituted by L, Li are isomorphic. 

THEOREM 17 : A reversible one-to-one correspondence hetiveen two 
Boolean Algebras L, L\ is a Boolean isomorphism if either 
(i) The product of any two elements of one algebra corresponds 
to the product of the corresponding elements of the other, 

Or, (ii) The sum of any two elements of one, corresponds to the sum 
of the corresponding elements of the other. 

Proof :—(i) Let a, b; ai, b\ be two pairs of corresponding ele¬ 
ments of L, Li and let a>£>. Then by Theorem 3, ab-b. Since by 
hypothesis ar&i corresponds to ab, we have avbi = b], i.e. a{>b\. Thus 
by definition 4, L, Li are isomorphic. 

(ii) Similarly for the second case, if a>6, a +6 = a. And since 
a\ + b\ corresponds by hypothesis to a + b, we have a\ + b\ = ai, i.e. 
ai>6i. Thus by definition 4, L, Li are isomorphic. 
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We may remark in connection with Theorem 16 (v) that the 
isomorphism of L, Li as disjunction-groups does not imply their iso¬ 
morphism as Boolean Algebras. The condition for this is given in the 
next theorem. 

THEOREM 18. If a group isomorphism F, can be established between 
the disjunction-groups constituted by two Boolean Algebras 
L, L\ the necessary and sufficient condition for 1 to be a 
Boolean isomorphism, is that the minimals of the algebras 
correspond in F. 

Proof: Theorem 16 (i) and (iv) prove the necessity of the condi¬ 
tion. To prove the sufficiency, let us assume the minimals i'p, i'q, i' r , 

. i'x, i\, i', ,-of L, correspond to the minimals ip, iq, ir, 

. it, iy, iz, .of L in the group of isomorphism F. Also 

let a, b ; ai, bi be two pairs of corresponding elements of L, Li. Now 
from Theorem 14 any element of a finite Boolean Algebra can be 
expressed as the continued disjoint of the minimals of the algebras ; 
and by the same theorom, these minimals constitute a disjunction- 
basis of the algebra. 

Thus a**iV©»»©<f© . 

6-<*©»»© iY©. 

And from hypothesis it is clear that the minimals of «i, b\ 
correspond to the minimals of a, b respectively. Hence the minimals 
common to <n, b i correspond to the minimals common to u, b (by 
theorem 15.) Therefore it follows that ayb\ ( = the continued disjoint 
of the minimals common to a\, Ig by theorem 15.) corresponds to u-b 
(- the continued disjoint of the minimals common to a, b by the same 
theorem). Thus by Theorem 17, the two algebras are isomorphic. 

V. The correspondence between the Finite Boolean Algebra B and the 
Classes of its Minimals. 

Let t],. in be a disjunction-basis of B. Then by expressing 

a as the disjoint of the t’s (say a = ip® iq 9 ir9 ■ • • • ) we see that an 
element of the Boolean Algebra B corresponds to a definite sub-set 
ip, i q , ir, • • • • ) of the i’s. Conversely, to each sub set (ip, iq, ir, • • • ) 
of the disjunction-basis, there corresponds the unique element defined 
by «= ip 9 9 ir9 - • • Thus we have established a one-to-one rever¬ 
sible correspondence between the elements of B, and the sub-sets of 
the t’s which are the elements of the algebra K of all the sub-classes 
of the disjunction-basis. We shall now prove that this one-to-one 
reversible correspondence between the Boolean Algebras B, K, is an isomor¬ 
phism between the disjunction-groups B, K, 
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Proof : Let «■=/#©»$©*»©. 

b = i t ®iy®ii® . 

so that the elements a, b of the boolean algebra B correspond res¬ 
pectively to the sub-classes (ip, iq, i, ■ ■ ■ ■), (n, iy, it • • ) (i.e. elements) 
of the algebra K of all the sub-classes of the disjunction-basis of B. 
Then, ■ - • )©(»'»©/y©i s © ■ • ■ ). Since it©/*- 0, the 

above expression for a®l> reduces to the continued disjoint of the 
minimals which belong to one but not to both of a and b i.e. to the 
minimals which belong to the disjoint-class of the sub-classes (?/>, iq, 
i,, •■■■), (i>, ij, it, ••■■). Thus a®b corresponds to that sub-class 
of K which is the disjoint of the sub-classes (ip, iq, ir, ■■■■), (ix, iy, 
/,,••••); i.e. the disjoint of two elements of B corresponds to the 
disjoint of the corresponding elements of K. Hence the result. 

It is clear that in this group isomorphism, any element A of the 
disjunction-basis i\, h, • ■ ■ ■ . in, corresponds to the one-element sub¬ 
class (/*) and rice versa. But as already remarked above, this cor¬ 
respondence will not be in general a Boolean isomorphism. The 
necessary and sufficient condition for this i9 by theorem 18, that the 
minimals of B, correspond to the minimals of K. Now by theorem 
13 the minimals of K, are the one-element sub-classes (?j), (if) • ■ • ■ 
(it) of the disjunction-basis /. Hence the elements ?j, ?'„>,•■•, in of 
B which correspond to their one-element sub-clas9es (i\), (if), • • , (in) 
must be minimals of B. 

Thus the necessary and sufficient condition for the corres¬ 
pondence between the elements of B and the sub-cla9ses of a 
disjunction-basis to be a Boolean isomorphism, is that the elements 
fj, « 2 , ■ ■ ■ • , in be the minimals of B. Hence, by choosing the 
disjunction-basis as the set of minimals of B, B and K are isomor¬ 
phic ; hence any finite Boolean Altjebra can be represented as the alyebra 
of all sub-classes of a finite class, —namely the disjunction-basis consti¬ 
tuted by the minimals of the Boolean Algebra. 

Now, if the disjunction-basis contains n elements, the total 
number of sub-classes of the disjunction-basis is tl n . Hence, in 
particular, we can conclude that the order of a finite Boolean Algebra 
with n minimals is 2 n . 

VI. Vector Representation of the Boolean Alyebra. 

*It is well known that an abelian group is the direct product of 
the cyclical groups. And in particular, the disjunction-group of 
order 2" of the Boolean Algebra, whose n basis elements are all of 


Speiser (9). 
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order 2 can be represented as the direct product of n cyclical groups 
of order 2. These cyclical groups are abstractly identical with the 
additive groups of residue classes (mod. 2.). Hence, the disjunction- 
group of the Boolean Algebra is abstractly identical with the additive 
group of vector’s («i, e-i . . . e») where the s’s are the residue classes 
(mod. 2) and hence = 0 or 1 (mod. 2.) 

We shall now obtain in a direct manner, the representation of 
the Boolean Algebra as a vector algebra (mod. 2.) so that the disjoint 
of two elements may correspond to the sum (mod. j) of two corres¬ 
ponding vectors. Since we have already shown that a finite Boolean 
algebra can be regarded as an algebra of sub-classes of its minimals, 
it is sufficient to effect this representation for the algebra K of 
all sub-classes of a finite class of n elements (<n, ai, a<, .... «»). 
Now let us make each sub-class p of K to correspond to a vector 
P=(e i, C 3 , . . , en) where i\ —1 or o according as the i‘ h element a 
does or does not occur in p. Clearly, these vectors P form an 
abelian group of order 2" with respect to addition (mod. 2) the 
identity-element being the vector (0, <>) which corresponds to 

the null-class or the null-element of the Boolean Algebra. We now 
show that the above one-to-one correspondence between the sub-classes 
and the rectors (mod. 2) is a <jroup-isomorphism i.e. the disjunction- 
group of all sub-classes of the finite class of n elements and the additive 
group (mod. 2) of the corresponding lectors are isomorphic. For, let 
P, Q correspond to p, q respectively. Then since by definition (3) of 
the disjoint of two elements, <n occurs in p(Bq only if it occurs in 
either p or q but not in both, it is clear that the i"‘ component of 
the vector corresponding to p©</ is the sum (mod. 2) of the i‘ k 
components of the vectors P, Q. Hence p®q corresponds to P+Q 
and therefore, the disjunction-group of all sub-classes of a finite 
class of n element (<n, a-j, . . . «») and the additive group of the 
corresponding vectors are isomorphic. 

Now, it is clear that since disjunction distributes x (c of sec. Ill), 
the Boolean Algebra B forms a ring in the usual sense with respect 
to ® and x. If we define the product of the vectors (mod. 2) as a 
vector whose i lh component is the product of the corresponding i th 
components of the two vectors, we can see that these vectors form 
a ring with respect to + and x, These two rings are isomorphic as 
will be Been from the following theorem. 

THEOREM 19. The group isomorphism between the disjunction- 
group of the Boolean Algebra and the additive group of 
vectors is also a ring isomorphism, between the Boolean ring 
w.r.t. ® and x and the ring of the vectors w.r.t. + and x. 

4 



118 


Miss S. Panic a jam 


Proof : As before let P, Q correspond to p, q respectively. And 
let ou, &, n be the i th components of P, Q and the vector corres¬ 
ponding to pxg respectively. Then from the definition of the 
correspondence of the vectors, it is clear that a>=■/ or 0; =■ 1 or 0; 

Yi= 1 or 0 (mod. 2) according as cu does or does not occur in the 
sub-classes p, q, p*q respectively. Now, n = 1 (mod. 2) if and only 
if a,; = =■ /, and = P, in all other cases. For the vector corresponding 

to can have 1 as the i th component only if <u occurs in both 
p and q. 

Hence from the definition of the product of two vectors we 
have P x Q corresponding to p * q. Hence by Theorem 17 (i) the two 
rings are isomorphic. 

Hence finally we have the result that a finite Boolean algebra can he 
exhibited as a vector algebra (mod. 2.) in such a manner that the 
disjoint and the product of the Boolean algebra correspond to the 
sum and the product (defined in the special manner indicated above), 
of the vector algebra. 

We may observe that the Boolean Matrix Algebra considered by 
Mr. Narasinga Rao (8), is in substance only an algebra of vectors of 
n components of the type considered above: i.e. no specific notions 
regarding matrices as such need be involved. 
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NOTES AND DISCUSSIONS 

Squares in Arithmetic Progression 

To solve A 5 - B 2 = B 2 - C 2 , when we have also A + B = D\ 
B + C = E s . 

Denote by x 2 , i/~, z~ three squares in arithmetical progression, then 
.7' - ( - w - + 2 wn + ? r)p ; y ~(vr + ir ) p ; z = (nr + 2 mn - w 2 )p. 

We have: 

x + y = 2w(/w +• n)p ; y + z = 2 in(m + n)p ; 
so that replacing m, n by 2w 8 and 2 m 1 and taking p~(m i + n ! ') i 
we have: 

A =■ 4( - Wi 6 + 2 mV + v r ')( m - + a 8 ) 2 
B = 4(»»® + T( n )(«/ S + )i 8 ) 2 
G = 4(m B + 2 /« 8 n 3 - n # )(m 8 + ?i 8 ) 2 
A + B = 8 n\m 2 + n % ) 3 
B + C = 8/« 8 (m 8 + ii 2 ) 3 . 

Put m = 2, w = l 

A = - 15228; B = 21060; 0 = 25596. 

A 2 -B 2 = B 2 -C 2 = 211631616 
A + B = 18 8 ; B + C = 36\ 

Put m = 4, n = 3. Then 

A- 2 948 036 
B =159 823 300 
C = 226 005 052 
A + B = 162 771 336 = 546 8 
B + C = 385 828 352 = 728 s 
A 2 - B 2 = B 2 - C 2 = 25 534 796 306 632 704. 


Cottbus, 1 
Germany, / 


Johannes Mahbenholz. 
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Lecture Notes 


The Editor invites for publication under this heading brief criticisms 
of results and proofs in Text Books, Questions from University exami¬ 
nation papers; and such other material as is likely to be helpful in the 
collegiate class room. 


I. On the Convergence of the series 

1. Let S*sl + * + % +. V 

2 s 3 s m* 

Case (i) Let /c>l. We have now 
Saw ii = l+j* + 5* + ‘(2 n + l) k+ (2* + 4* + 


<! + 2* + i* 


1 

(2»y 


,/; + ( 


.. Sa»n<l + 2*(l + 2 *+ gi ' ' ' ;J *) 
that is S»<Sann<l +• S» 
S»<2 ,i ' 1 /(2*' 1 " 1) 


21/»*. 


' (2 nf. 

) 


Thus Sn is bounded above as n ->co. Hence the series cannot 
diverge and, being a positive term series, it cannot oscillate. So it 
is convergent. 

2. Case (ii) Let k = 1. Then 


S3 " = 2 + ! + 3 + ! 


/I 1 
\2 + 4 


(2 n -1) 



) 


By repeated applications the sum of 2" terms is seen to be 
greater than £ r and hence the series diverges. 

3. Case (iii) Let k < 1. 

This is easily seen to be divergent as each term is greater than 
the corresponding terms of 2l/n. 


M. R. College, \ 
Parlaki midi. / 


P. v. L. Narasinoa Rao. 
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II. To determine whether a given point is in the acute or 
obtuse angle between two given lines. 

The following is a simple method. 

Let P be the point, O the intersection of the lines. Draw PM, 
PN perpendiculars to each of the lines. P lies in the acute or obtuse 
angle between the lines according as 

PM 2 + PN s <or>MN 2 

If the lines are taken in the form 

L< (a:, i/)=p.-a- cos a.,-y sin nu = 0 (t = l, 2) 

then the point ( x', y') lies in the acute or obtuse angle between the 
lines according as 

Li (a - ', »/) LjOt', y’) cos - ai)<or>0. 

Lahore } F. C. AUUUCK. 

Prof. Hukam Ghand of S. D. College, Lahore, discusses the same 
problem taking the general equation of the lines and obtains the 
condition 

(l\x' + rn\y' + n\)(hx' + m 2 y' + m)(hh + w 1 m 3 )<or>0. 

For a treatment of a similar problem regarding bisectors vide: 
The Math. Student Vol. Ill, p. 105. 

III. Trigonometric Formulae. 

In this note the well-known Trigonometric formulae for the 
sum or difference of two angles are obtained from the same figure 
which is simpler than those usually used for the purpose. 

In the triangle ABC let AD be perpendicular to BC and CE 
perpendicular to BA produced. 

1. BA-CE = 2*area of the triangle ABC“BC-AD 

= DC-AD + BD-AD. 

E 



Dividing both sides by BA-AC, we get 

Sin (B + C)—sin CAE = sin B-cos C + cos B sin C 
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AD» = AB S -BD 3 

-BA (BE-AE)-BD (BC - DC) 
-BD-DC-BA-AE [V BA-BE = BD-BC] 
Dividing both sides by BA-AC, we get 
sin B sin C-cos B-cos C-cos (B + C) 
or cos (B + C)=cos B-cos C-sin B-sin C 
AD _ BC-AD _ BA-EC 
AC 


3. Sin ACB - 


BC-AC 
BE-EC-AE-EC 


BC-AC 


BC-AC 

-cos EBC-sin EAC - cos EAC-sin EBC. 

L ACB - A - B, if L EAC — A and ZEBC-B. 
sin (A-B)-sin A-cos B-cos A-sin B. 

CD BC _ BC J -BD-BC __ BC 2 -BA-BE 
AC' BC ' AC-BC AC-BC 

EC 2 + BE a - BA-BE EC' 3 + BE-AE 


4. cos ACB — 


cos (A 


AC-BC AC-BC 

= sin CAE-sin CBE + cos CAE-cos CBE 
-B) = sin A-sin B + cos A-cos B. 


Christian College,) 
Tamharam. f 


P. Kesava Menon, 
Post-Graduate Student 


that the 


IV. On Stationary positions of planets. 

planet will appear stationary to an observer when its 
representative point on Mb celestial 
sphere has no velocity; in other 
words when the actual velocity of 
the planet in space is along the 
line of sight either way. The deter¬ 
mination of these stationary posi¬ 
tions as given by Ball and God¬ 
frey are somewhat long as they 
ignore the kinematical aspect of the 
question. Barlow and Bryan obtain 
equation (A) from simple geometrical 
considerations but have not proceeded 
further. The following purely kine¬ 
matical treatment though straight 
forward, may not be out of place 
under “ Lecture Notes ” 

Let S be the Sun, E the Earth 
and P a Planet It is assumed usual, 
are as circular and coplanar. 



Fig. t 
two orbits 
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Let ‘ u ’ be the velocity of E, ‘ v ’ that of P. Their directions are 
perpendicular to SE and SP respectively, and are indicated in the 
figure by EX and PY, 

Let SE = a, SP = &, and Z a point, on EP produced. 

Now we have to express the condition that the velocity of P 
relative to E is along EP or PE; hence the component of this 
relative velocity perpendicular to EP should vanish. 

For this purpose, reduce E to rest by imposing on P a velocity 
equal and opposite to ‘ u ', i.e„ in the direction PX' where PX' is 
parallel to EX. Now P has two velocities, ‘ u ' and ‘ v\ Their 
component perpendicular to EP is 


u. sin EPX' - v. sin YPZ 
=» u. sin PEX - i:. cos SPZ 

— u. cos E+r. cos P (where E and P stand for 

L SEP and L SPE.) 

Thus u cos E+u cos P = 0.(A) 

Now we proceed by the usual method, viz., 
a — b. cos 0 + PE. cos E. 
b = a. cos 0 + PE. cos. P. 


Hence, 


a - b. cos 0 cos. E v . . ., 

/- - —"2 “-^ = - from (A) 

b-u cos 0 cos P u 

b-'P Va 

a ' 1 ' 2 a /0 


Va (b-a cos. d) + Vb ( a-b cos 0)-=O. 

n (Va + Vb) V(ab ) _ V(ab) 

aVa + bVb a + b~V(ab) 


Army Headquarters, 
Simla. 


A. C. A. RAO. 
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A Note on an Inequality 

{Suggested by Prof. K. S. K. Iyengar’s note in the June number of The 
Mathematics Student .) 

1° If Ax) is differentiable in (a<a:<6) and if /la}=/(6) = 0, then 
j j f{x)dx j < —-^- a —, where | f'(x) | <M in a<.x<^h. 

Proof :—Geometrically this is almost obvious. 

Let A, B be the points (a, 0) and ( b, 0) and let K be the point 
\(a + b), i (b - a)M so that KAB is an isosceles triangle with 

KAB = KBA = tan -1 M. Under the given conditions the curve 
AB[y=/(.r)} must lie within the triangle. 

The area of the triangle = ^ ^ * M = ^ ^ M, while the 

left side gives the area of the curve AB. Hence the result. 

2° Let us remove the restriction f((i) "/(&) - 0- Th e natural 



Fig. i 

Here as before KA, KB are equally inclined to the x-axis, and 

tan a-M, a-KAF, so that KTB is isosceles, KT KB being equally 
inclined to TB. 
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Notes and Discussions 


The figure shows that trapezium ARSB = —— j/(«)+/(ft) j ; 

| J | sjust the area between the curve AB and the chord AB and 
thiB is less than the area of the triangle KAB. 


Now, A K AB = A AFT - A AFB - A KTB. 

\ AF • FT - 4 AF ■ FB - i TB • £ TB tan KTB 

____ TB* 

' s 


(ft-a) 1 tan a - /(ft) -/(a) J - cot a 


(ft-a)Man^ b^a [ /(6) _ /(a) j 


-jJ^(ft-a) tan a- j/(ft~/(«)j J cot 

(ft-aF , {/(ft)-/Gi)}* .. 

= -— tan a - ---cot a 

-T 54 ’ 11 - 5i {/(»-/<•)}■• 


3° To prove that 


If <:M in (a<a;<ft) and <f>(o) ■= <£(ft) = 0 

then |/(.j)| <; ■ 

Proof :—Write <i(r) = f f(x)dx. 

^ a 


so that the problem becomes :— 

! b 

If |/'(j)I<M in (<i^x<*b) and f(x)dx~0 

J n 

then j f(x)du 


M(ft -a) 2 
8 


[Note .-—There is no condition that /(«) = /(ft) = 0) 
k 

f(x)dx - 0, the curve v“/(a’) must cross the .t-axis 

a 

at least once in (o, ft) say at L, so that the positive area and the 
negative area exactly, balance each other. Let R, S be the points 
(a, 0) and (6, 0) and let A, B be the points {a, f(a)} and {6, /(ft)} 
respectively. Since |/'U')| <M it is possible to draw a line PLQ 
making an angle tan - * 1 M with RS and meeting the ordinates x*=a 
and x = b at P and Q 60 that the two areas are included in the 
triangles PRL and LSQ. 

j f x j 

Now f[x)dx < area under AL ■■ area under BL numerically. 

1 
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And obviously 


area under AL <A PRL, 
area under BL <A QSL. 


r* j 

t\x)dx\ < smaller of the 

J a 


two triangles. 


i.e. < A QSL. 

Now, the smaller triangle QSL must have its base SL<i(b-n). 
SQ < i(6-o)M- 

/. A QSL < ^r^M. 


I f .f(x)dx 

* n 


8 


< 


(. b~af 
8 


M. 


4° To prove that 

f(x)-Aa)- ~ \f{b)-Aa)) | < 
where f\x) < M. 

Notice that if we write |<£(.r)l for the left hand side then <&"(x) 
is exactly f"(x). Thus this example is exactly the last one in 3“ in 
a disguised form. 


5° If | <b"(x) | in and d>(«) = <t>(b ) = 0, and <£'(«) - 4>'(b) - 0 


then 


\'Hx)\< 


M ( b-a f 
~16 


Proof :—Write 4>(x) = f f(x) dx so that we have to prove that 

a 

| | f(x) dx < ~ , /'(r)<M; it being given that /(«)-/(i>)“0 

f(x)dx - 0. 

* n 


and 


The condition implies that the area above the x-axis is equal to 
that below it. 

[Note :—The point P in Fig. 2 where the curve crosses AB need 
not be the middle point of AB, though it appears as such.] 

The area under the ourve AP is equal and opposite to that under 
the curve PB,—one being positive, the other negative. 
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Obviously /(x) <7x < area under AP. Now the area under 

a 

AP < isosceles A AQP and the area under PB < isosceles A PRB 
and since in magnitude both areas are equal. 



Fig. 2 


area under AP < the smaller of the two isosceles triangles. 
The base of the smaller triangle does not exceed \ AB. 

A 

The area < ^ (b -a) 2 tan a where x = KA.B. 

Thus f f(x) dx < { ~°-* M. 

J a tt> 

Note that the result is true even if the curve crosses AB several 
times. 


Fergusson College, 
Poona. 


Q-. S. Mahajani. 



ASTRONOMICAL NOTES 


Planet Notes From January to March 1939 

All times (liven here are 1. S. T. and the co-ordinates of planets 
cjioen are for 5 hours SO minutes I. 8. T. 

Sun. The Sun after passing the Winter Solstice on 22nd December 
1938, moves with decreasing South Declination till 21st March at 
which time the Sun reaches the vernal equinox. The beginning of 
Spring indicates the passing of the Sun from South to North of the 
equator and it moves with an increasing North declination. 

The Sun's position at the beginning of each month will be 
as follows :— 


1st January 1st February 1st March 

R. A. ... 18 h 42 m 20 h 55 m 22 h 44 m 

Decl. ... 23° 6'S 17“ 25'S 8° 0' S. 

Moon. The following phases of the Moon will occur during the 
period January to March 1939. 

Full Moon Last Quarter New Moon First Quarter 

January 6 : 3-0 a.M. 12 : 6-40 P.M. 20 : 6-57 P.M. 28 : 8-30 P.M. 

February 4 : 1-25 P.M. 11: 9-42 A.M. 19 : 1-58 P.M. 27 : 8-56 A.M. 

March 5 : 11-30 P.M. 13:3-7 A.M. 21: 7-19 A.M. 28 : 5-46 P.M. 

The Moon will be nearest the earth on 6th January, 4th February 
and 4th March and it will be farthest away on 21st January, 
17th February and 16th March. 

Moon's positions. 

1st January 1st February 1st March 

R. A. ... 2 h 5 m 5 h 36 m 6 h 15 m 

Decl. ... 13“ 53' N. 20“ 2' N. 19° 20' N. 

Mercury. Mercury moves with a direct motion till 24th March 
when it will be stationary and changes its direction. During the 
early part of January the planet is visible as an evening object for 
about an hour after sunset and later it is too near the Sun to be 
seen. Mercury will be at its greatest elongation West and East on 

6 
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3rd January and 17th March, and will be in superior conjunction 
•with the Sun on 19th February. It will also be in conjunction with 
the Moon on 18th January and 22nd March. 

Positions of the planet:— 

1st January 1st February 1st March 

R. A. ... 17 h 5 m 20 h 5 m 23 h 18 m. 

Decl. .. 20° 39' 8 22" O' S 5° 38' S. 

Venus, faring the period January to March Venus is a morning 
object rising about 3 hours before the Sun and its motion is 
direct throughout. Venus will be at its greatest elongation west 
on January ?,0th, and will be in conjunction with the Moon on 
16th January, 15th February, and 17th March. 

The positions of the planet will be as follows :— 

1st January 1st February 1st March 

R. A. ... 15 h 44 m. 17 h 36 m. 19 h 46 m. 

Decl. ... 15° 37' S 19° 48' S 19° 35' S. 

Mars. This planet will be seen rising on the eastern sky after 
midnight. It rises earlier day by day and by the end of March it 
will rise by midnight. It will be in conjunction with the Moon on 
14th January, 12th February and 13th March. 

. The positions of the planet will be as follows:— 

1st January 1st, February 1st March 

R. A. ... 14 h 41 m. 15 h 58 m. 17 h 9 m. 

Decl. ... 14° 42' S 19“ 48' S 22“ 36' S. 

Jupiter. During the early part of January Jupiter will be 
visible as an evening object for about three hours after sunset in 
the western sky but later it approaches the Sun and is in conjunction 
with it on 6th March. It will be in conjunction with the Moon on 
23rd January and 20th February. 

The positions of the planet will be 

ist January 1st February 1st March 

R. A. ... 22 h 11 m. 22 h 37 m. 23 h 1 m. 

> v Decl. ... 12° 16' S 9° 50' S 7° 19's. 
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Saturn. Saturn will transit about sunset on the 1st January 
and by the end of March, Saturn is very close to the Sun. This 
planet will be in conjunction with the Moon on 26th January, 23rd 
February and 22nd March. 

The positions of the planet will be .— 

1st January 1st February 1st Mar>-h 

R A. ... 0 h 46 m. 0 h 52 m. 1 h 2 m. 

Decln. ... 2° 15' N. .1" 3' N. 4° 10' N. 

Uranus. The planet will be stationary on the 22nd January 
and its position at the beginning of each month will be as follows:— 

1st J aviary 1st February 1st March 

R. A. ... 2 h 47 m. 2 h 46 m. 2 h 48 m. 

Decl. ... 15 1 42' N. 15° 40' N. 15° 51' N. 

Neptune. Neptune will be in opposition with the Sun on 
13th March and its position will be as follows:— 

1 st January 1st February 1st March 

R. A. ... 11 h 37 m. 11 h 36 m. 11 h 34 m. 

Decl. ... 3° 43' N. 3 53' N. 4° 9° N. 

Popular Astronomy gives an interesting announcement of the 
discovery of two more new satellites of Jupiter (Jupiter X and 
Jupiter XI). These two satellites were discovered at the Mount 
Wilson Observatory by Seth B. Nicholson on photographs made with 
the 100 inch telescope. Both are of the 19th magnitude and hence 
they can be seen only through powerful telescopes. 


Trivandrum. 


H. SUBRAMANI AIYAR. 



ANNOUNCEMENTS AND NEWS. 


Dr. Ram Behari and Dr. R. Vaidyanathaswami have been elected Hon. 
Secretaries of the Indian Mathematical Society for 1938-4°- 

The International Congress of Mathematicians 

On invitation by the American Mathematical Society, an International 
Congress of Mathematicians will be held in Cambridge, Massachusetts, in 194°, 
the dates being September 4 - 12 . 

Former Congresses. In connection with the World’s Columbian Exposi¬ 
tion in Chicago in 1893 there was an Internationa! Congress of Mathematicians. 
The first congress in Europe was held at Zurich in 1897, and the most 
recent one met in Oslo in 1936 . In the interim, with a few omissions neces¬ 
sitated by the World War, there have been sessions about once every four 
years. These have all been in Europe except for that of 1924 , which was held 
at the University of Toron’o. 

It is expected that the Society will be able to furnish room and board 
without charge for a considerable number of foreign guests during the week 
that they are in Cambridge. 

Following precedent, there will be a score of invited addresses, each of 
an hour’s length, and sectional meetings for the presentation of short papers. 

An innovation will be conferences, somewhat after the pattern of recent 
international gatherings in Moscow for Topology and in Zurich for Probability, 
each devoted to some field in which a vigorous advance has recently 
been made or is in progress. Among the conferences will be one on Algebra, 
with Professor A. A. Albert as chairman, one on the Theory of Measure, 
Probability, and Allied Topics, with Professor Norbert Wiener as chairman, 
one on Mathematical Logic with Professor H. B. Curry as chairman, and one 
on Topology with Professor Solomon Lefschetz as chairman. 

Six sections are tentatively planned for the presentation of papers: 
(i) Algebra and Theory of Numbers; (ii) Analysis; (iii) Geometry and 
Topology; (iv) Probability, Statistics, Actuarial Science, Economics; 
(v) Mathematical Physics and Applied Mathematics; (vi) Logic, Philo¬ 
sophy, History, Didactics. The International Commission on the Teaching of 
Mathematics proposes to have a session in connection with the Congress. 

Membership. Membership in the Congress will be open to all persons, 
whether they are able to be present in person or not. For regular members of 
the Congress, the fee is $ 10 . 00 ; these persons may communicate papers and 
will receive the Proceedings of the Congress. 

1 
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Information. Those interested in receiving information may file their 
names in the Office of the Society, and such persons will receive from time to 
time information regarding the program and arrangements 

Communications should be addressed to the American Mathematical 
Society, 53 1 West Il6th Street, New York City, U.S.A. 

(Adapted from the Bull, of the American Mathematical Society, September, 1938 ) 

As usual Christmas has been a period of group activities. The Indian 
Science Congress met in Lahore under the Presidentship of Dr. J. C. Ghosh of 
the Dacca University. The Mathematics and Physics section was presided 
over by Dr. K. R. Ramanathan of the meteorological office, Poona. His 
Presidential address dealt with “ The Earth’s Magnetism and the upper 
atmosphere.” 

The Second Indian Statistical Conference met at Lahore, with Dr. 
T. E. Gregory, Economic Advisor to the Government of India as President. 
The Presidential Address dealt with the broad problems of the relation between 
the Statistician and the Community. 

The Indian Academy of Sciences celebrated its Fourth Session at Madras 
under the Presidency of Sir C. V. Raman, its President-Founder. This 
meeting was noteworthy as it synchronised with the Fiftieth Birthday of 
Sir C. V. Raman and the completion of ten years of research on the Raman 
Effect. An address and a special commemoration number of the Proceedings 
of the Academy were presented to him on the occasion. The Indian Mathe¬ 
matical Society of which Sir Raman is an Honorary Member joins in wishing 
him many long years of health and usefulness. 

Mr. R. S. Varma of the Christ Church College, Cawnpore, has been 
awarded the degree of Doctor of Science of the Allahabad University. The 
subject of his thesis was “ Parabolic Cylinder Functions.” 

Dr. Ram Behari, Reader in Mathematics, Delhi University, has been elected 
a Fellow of the National Academy of Sciences of India. 



THE LATE PANDIT HEMRA] 

PANDIT Hemraj, Principal, Dyal Singh College, Lahore, was born in 
Daffar, a village in the Hoshiarpur District of the Panjab on the 22nd 

November, 1885 His father Pt. Ganga 
Ram, who survives him, was a poor Brah¬ 
min, and it was under hard circumstances, 
therefore, that Pandit Hemraj received his 
education. He passed his middle school 
examination from the S. D. School, 
Hoshiarpur, in 1903, and his matriculation 
from the Govt. High School, Hoshiarpur, 
in 1905. He passed his B. A. and M. A. 
examinations from the D. A. V. College, 
Lahore with great distinction standing first 
in the first class in the M. A. examination 
in 1912. L. Chamba Mai Sud of Hoshiarpur 
rendered him considerable financial help 
during these years. 

Shortly after passing his M. A., he was 
appointed in October 1912, an assistant Professor of Mathematics in the 
Dyal Singh College, Lahore. In 1916, Pandit Hemraj distinguished himself 
by successfully solving questions set by Professor Grace of Cambridge, who 
had been invited by the University of the Panjab to deliver a course of ex¬ 
tension lectures. Panditji’s work thus came to the notice of the Panjab 
Government and Sir John Maynard, the then Vice-Chancellor of the Panjab 
University, moved the University to offer Pandit Hemraj a scholarship to 
go abroad for higher studies. The offer was not accepted for reasons of 
health. By hard work Panditji rose to the Principalship of the College in 
1921, and served it ably till the time of his death on the night between the 
12th and the 13th November, 1938, at some minutes past midnight. In 1927, 
when Dr. S. S Bhatnagar devised a Magnetic Interference Balance which 
has now become well-known all the world over, the Mathematical analysis of 
the experimental results proved a serious problem. Dr. Bhatnagar consulted 
several mathematicians in India and abroad. The problem was finally solved 
by Pandit Hemraj. Panditji's death has left a void in the academic life of 
the Panjab University as also in mathematical India. 



Panditji was extremely simple in habits, very kind to his pupils and 
yet a good disciplinarian, and was in peace with every one. His life was a 
great lesson to all who were privileged to study at his feet. The simple 
village folk who knew him from his early school days as classmates or 
otherwise did not go to the plough when the news of his death was received. 
Panditji leaves behind him two sons and a small daughter besides a widow. 
Panditji was a prominent member of the Indian Mathematical Society and 
was for several years a member of the executive body. He published only 
a small part of his work. If his personal library and note-books are looked 
into, I feel sure that some work of remarkable originality may be found. 

Government College, 

Hoshiarpur. 


Hansraj Gupta. 
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REVIEWS 

Nathan Lazar: The importance of certain Concepts and Laws of Logic 
for the Study and Teaching of Geometry. 

The Mathematics Teacher, 525 W. 120th St. N.Y.C. 1938 PP- 66 price 
$ I.00. 

This booklet deals with the logical bases of elementary theoretical 
geometry, the sources of study being ninety-three modern text-books besides 
the monumental volumes on Euclid’s Elements by Heath and the classical 
works of that eminent logician, mathematician and educator, De Morgan 
whose strong insistence on the necessity of proper appreciation of certain 
logical concepts in the study of the elements of geometry did much to 
influence the technique of the teaching of the subject. 

The author examines critically the traditional definitions of the concepts 
of the Converse and the Inverse and the laws of Contraposition and of 
Converses with special reference to elementary geometry and attempts to 
show that they are to a certain extent defective in statement and restrictive 
in scope. Alternative definitions which are wider are proposed and illustrated 
and their effect on the definitions of ‘Necessary and sufficient Conditions’ 
and on the methods of proof in loci problems is noticed. 

Briefly the modifications suggested are as under:—To obtain the Con¬ 
verse of a proposition, interchange any number of Conclusions with an equal 
number of data. To obtain the inverse, break up the proposition into 
subsidiary propositions each with one conclusion and in each of these latter, 
contradict one of the data and also the conclusion. To obtain the contra¬ 
positive break up the proposition again as before and interchange the Con¬ 
tradictory of one of the hypotheses and that of the conclusion. 
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The author holds that since educational psychology points to evidence 
against the possibility of automatic transfer of training from one subject to 
another unless ‘ identical elements ’ are present in both subjects and since, 
transfer being a form of generalisation, training can be of such a type as to 
encourage or hinder such transfer, ‘ it is possible to utilise geometry as a 
medium for making the pupils conscious of the existence of logical patterns 
of valid and invalid reasoning in mathematics as well as in the thinking of 
everyday life.’ He concludes with a few pedagogical recommendations and a 
copious bibliography of relevant literature. 

Altogether, the book makes a stimulating and instructive reading and 
deserves careful attention with a view to ascertaining how far it would be 
possible to implement the suggestions in actual teaching in the High School. 

Training College,) K. Satyanarayana. 

Rajahmuttdry. j 

G. VALIRON : Sur les Valeurs Exceptionellcs des Fonctions Mcromorphcs etde 
leurs dcrivces, (Actualites Scientifiques et Industrielles, No. 570 , price 18 frs.) 

This booklet is devoted to a study of some of the recent developments in 
the Theory of Normal Families of Meromorphic functions. A family or class 
of functions Meromorphic in a domain D is said to be normal in D when any 
sequence of functions selected from the family contains a sub-sequence con¬ 
verging uniformly in any closed region interior to D. The significance of this 
definition will become clear if we recall that any sequence of numbers (real or 
complex) contains a sub-sequence converging to a limit (finite or infinite). 
This property does not hold, in general, for classes of elements other than 
numbers, even though convergence and limits could be defined for such classes. 
So it becomes important to consider classes of elements for which the above 
property is postulated. If we consider a family of functions meromorphic in 
a domain D and if we replace ordinary convergence of numbers by uniform 
convergence of functions in D and postulate for this class of functions the 
property specified above we are led to the idea of a normal family. 

A short account of the chief criteria for normal families is found in the 
first chapter of the booklet under review. The connection between excep¬ 
tional values and normal families is found in the fact that a family of 
functions regular in D is normal in D if every function of the class omits to 
take two specified values in D. The result is true for a family of meromorphic 
functions if we postulate three exceptional values. Instead of two exceptional 
values for the functions of a family regular in D, if we assume that no func¬ 
tion of the class takes a specified value while the £“* derivatives of the func¬ 
tions of the family omit to take another specified value, can we say that the 
family is normal ? The answer is in the affirmative if the exceptional value of 
the k l " (fcs I) derivatives be different from zero. A proof of this proposition 
is found in the second chapter. Extensions and generalisations of this last 
result for regular functions and corresponding results for meromorphic func¬ 
tions are discussed in the remaining chapters. References to original memoirs 
and other sources are found at appropriate places in the footnotes. 


V. Ganapati Iyer. 
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APPROXIMATIONS IN MATHEMATICS REGARDED 

AS EXACT 

BY 

G. A. MILLEK 

One of the primary facts of the history of mathematics is that 
approximate results were frequently regarded for long periods of 
time as accurate. A striking example of this fact is the use of the 
number 3 as the value of the ratio of the circumference of a circle 
to its diameter. This value was extensively employed and it is an 
illustration of a tendency even in mathematics to accept statements 
as true which could easily have been disproved. In constructing 
wheels for various purposes in ancient and medieval times it seems 
reasonable that some of the workmen observed that the given ratio 
exceeds 3 but their influence on the intellectual world was probably 
less then than it is to-day, and they were less likely to be familiar 
with the fact that the number 3 was so widely accepted as the value 
of this ratio than the workmen of the present day. Hence the 
persistence of the number 3 for this ratio throws light on the 
disparity of intellectual influences in ancient times. 

The fact that none of the ancient and medieval workmen are 
now known to have reported that the ratio of the circumference of 
a circle to its diameter exceeds 3, although closer approximations 
were also in use, appears less surprising than that the number 3 as 
the value of this ratio has not been expunged from all of the widely 
used sacred writings up to the present time. The wise admonition 
“Prove all things: hold fast to that which is good " was not always 
completely followed by the writers of our Bible even as regards 
mathematical questions as may be seen from the following quotation: 
“ And he made a molten sea of ten cubits from brim to brim, round 
in compass, and five cubits in height thereof; ?nd a line of thirty 
cubits did compass it round about.” If the distance around had been 
actually measured it would have been found to be almost thirty-one 
and a half cubits instead of thirty cubits as stated in this quotation. 
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A large number of other approximate values for the ratio of the 
circumference of a circle to its diameter were employed by the 
ancient and the medieval mathematicians. One of these is deduced 
from the fact that the ancient Egyptians assumed that the area of a 
circle is equal to that of a squaro whoso side is equal to 8 9th of 
the diameter of the circle. This is equivalent to assuming that the 
value of the given ratio is 256 81 which is a much closer approxi¬ 
mation than the number 3 and lias been used as evidence tending 
to show that the ancient Egyptians were better mathematicians than 
the ancient Babylonians since the lattor commonly employed the 
number 3 as tno value of this ratio. Many other evidences, however, 
tend to show that the ancient Babylonians were suporior to the 
ancient Egyptians along mathematical linos. The outstanding mathe¬ 
matical achievement of the latter is that they had a correct rule to 
find the volume of the frustum of a square pyramid but they were 
probably unable to prove tho accuracy of this rule, judging from 
their other mathematical attainments. 

An approximate value of the ratio of the circumference of a 
circle to its diameter which is closer than the ancient Egyptian 
value noted above, and seems to have largely superseded this value 
in ancient times, was given by Archimedes (287-212) in his 11 Measure¬ 
ment of the Circle." It was at iirst explicitly given as an 
approximation hut was later widely assumed to be accurate and is 
still widely used when only rough approximations aro required. 
Its simple form 22/7 makes its use very convenient and it was 
rapidly adopted in other countries, being used in China as early as 
the filth contury of our era. Tho fact that this ratio is a transcen¬ 
dental number naturally prolonged the period during which various 
approximations to its true value were assumed to bo corroct since 
the ancient and the medieval mathematicians knew nothing about 
the existence of such numbers and hence were unable to explain 
the difficulties involved in this particular ratio. The fact that it is 
transcendental was first established by F. Lindeinann in 1882. 

The use of tho number 3 for the value of the ratio of the 
circumference of a circle to its diameter appears also in the Koran 
and it is encouraging that nu one is known to have been persecuted 
on account of his efforts to find closer approximations to the true 
value of this ratio. The comparatively little interest in mathematical 
questions on the part of the general public in ancient and medieval 
times is clearly exhibited by the persistence of the use of the 
number 3 as the value of this ratio in commonly used sacred 
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writings as well as by the comparatively small space devoted to this 
subject in the writings which have come down to us from ancient 
times. Only about 230 of the several hundred thousands cuneiform 
texts which are now in the various museums of the world are 
known to be devoted to mathematical tables or to actual mathe¬ 
matical questions, according to O. Neugebaner’s “Vorlesungen uber 
Oeschichte der antiken mathematisehen Wissenschaften," volume 1, 
1934, page 206. 

The great disparity of mathematical knowledge among the 
people of the same country and living at the same time is a primary 
fact of the history of ni ithematics. The study of such works as the 
“Elements" of Euclid, for instance, is insufficient to disclose the 
actual state of common mathematical knowledge among the Greeks 
at the time when Euclid lived. Public education has reduced the 
disparity of mathematical knowledge in modern times but the 
enormous number of the courses offered in many educational insti¬ 
tutions in recent times tends to increase this disparity again and 
to lessen the amount of common knowledge even among the educated 
classes. The transmission of such obvious errors as the one that 
the value of tire ratio of the circumference of a circle to its diameter 
is 3 in the literature which is highly recommended for its reliability 
is questionable since it lends to lessen the high regard for truth 
which should be inculcated whenever possible. Hence Christian 
nations may well consider the desirability of expunging this error 
from our Bible. 

A primary fact of the history of mathematics is that square 
units of area and cubical units of volume were adopted in ancient 
times and this was the first step towards the arithmetization of 
geometry. Its significance was however not always realized as may 
be seen from the fact that the author of a geometry which appeared 
in Germany in about 1400 stated that he had seen many laymen 
who computed the area of a triangle by multiplying its base by 
one-half of a side which was not perpendicular to the base.* It has 
often been asserted that the ancient Egyptians used this inaccurate 
rule to find the area of a triangle but it is now probable that 
at least some of them know the correct rule to find this area. 
When the angle between the two sides is almost a right angle the 
half product of these two sides gives a fairly close approximation 
to the correct area. Since the determination of the area of a 


* J. Tropfke, Geschichte der Elementar - Mathematik , vol. 4, (1922) p. 129. 



140 


G. A, Miller 

triangle is fundamental in land measurements it is obvious that 
this problem attracted early attention. 

Many statements which are only approximations but are not 
expressed as such still appear in the literature of logarithms. For 
instance, in such a widely used woTk of reference as the Weber- 
Wellstein “ Enzyklopiidie der Elpmenhmnuihemnlik " it is stated! that 
Napier’s logarithm of a number is its logarithm to the base 1/C. 

Important facts in this connection are that while logarithms to the 
base 1/7* do not differ in the first few decimals from those found in 
the tables by Napier they are essentially different since the latter 
were not computed with respect to any base. The statement is also 
very misleading since the number e was not determined until after 
the days of Napier. Various writers have assumed that the base of 
a table of logarithms could be determined by means of the numbers 
given for the logarithms which appear in this table. This is 
obviously impossible since an infinite number of bases which differ 
only slightly would give rise to the same logarithms as those found 
in such a table to a given number of decimals. 

Approximations to the roots of given numbers, especially to 
square roots, were naturally common among the ancients since the 
roots of rational numbers are usually irrational and the existence of 
irrational quantities was first established by the ancient Greeks who, 
however, did not commonly assume the existence of irrational numbers. 
A cuneiform Babylonian text contains a rule which is the equivalent 
of the formula \^a i + b = a + bi2a, and rules equivalent to this approxi¬ 
mation formula were very extensively used in the ancient mathema¬ 
tical literature, including that of the Greeks. In many cases a and b 
can be so selected that this formula gives a sufficiently close 
approximation for certain practical purposes. In the special case 
of the square root of 2 an unusually close approximation appears in 
the ancient Hindu literature in the following form : 

i i 1 

1 + 3 3-4 “ 3 - 4-34 

This gives the first five decimals correctly and is one of the most 
remarkable approximations which is known to appear in the ancient 
Hindu literature, and it has given rise to an extensive literature. 

One great difficulty in regard to approximate results in the 
history of mathematics is that it is frequently impossible to determine 


t Vof. I, 4th ed., p. 148 (1922)- 
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definitely whether certain results given by an author are supposed 
to be accurate or only approximate. A large part of mathematics 
is devoted to approximations which can often be carried so far that 
the difference between the true value and the one actually given 
could not be determined by the available instruments of measure, 
tn elementary mathematics the subject of trigonometry is largely 
devoted to the study of approximate results. The student is thus led 
early to the use of approximations and " it is often considered 
unnecessary to state explicitly that the results obtained are only 
approximately true. The mathematician is thus led to leave to the 
reader in many cases the decision whether certain results given by 
him are to be regarded as accurate or only approximate and various 
critical points are naturally obscured thereby since many readers 
do not like to assume responsibilities involving thinking. 

Even in such simple questions as the proof of the existence of 
irrational quantities the mathematician insists on a degree of exacti¬ 
tude which can never he reached by measurement while in others, 
such as the use of tallies of logarithms, he is satisfied with approxi¬ 
mations which are frequently not very close. This dual character 
of mathematics naturally complicates its history. The ancient Greeks 
seems to have been the first to recognize this dual nature of mathe¬ 
matics and to have largely confined their attention to the exact side 
of mathematics, especially after their discovery of irrational quantities. 
In applied mathematics, on the contrary, it is commonly necessary 
to deal with approximations and frequently the data to which 
mathematical reasonings are applied are in themselves such rough 
approximations as to make exact methods impracticable. Hence 
most Greek writers failed to consider such applications. 

Plato (429-348) deplored the backward state of solid geometry in 
his day and said that he was ashamed of it not only on his own 
account but also on account of all the Greeks. Fortunately, Archimedes 
(287-212) removed part of this shame of the Greeks by finding the 
beautiful formulas for the area and the volume of a sphere. However, 
rough approximation rules continued to be U9ed by the Greeks even 
after the accurate rules became known. For instance, Heron used a 
rule to find the volume of the frustum of a cone by assuming that 
it is equivalent to that of a cylinder of the same altitude whose 
base is equal to the area of the section at the middle of the cone. 
Heron used also the correct rule to find this volume and he is 
supposed to have followed the ancient Egyptians in using the given 
approximation. 



142 


G. A. Miller 


Since our Bible contains very little relating to mathematics it 
may be interesting to note that what may be regarded as the 
most astounding error in the history of mathematics, viz, the 
long continued and widely extended use of 3 as the value of the 
ratio of the circumference of a circle to its diameter, is found 
therein and is nowhere corrected therein. The mathematical historian 
is especially interested in such facts since they help him to form a 
satisfactory view as regards the disparity of mathematical knowledge, 
and the difficulty of correcting errors after they have become widely 
accepted as true. The writer of the present article remembers well 
when as a child he overheard that the given ratio is 3 and that he 
faithfully accepted it then as evidence of the superior knowledge of 
his elders who expressed no doubt as regards the accuracy of the 
statement, and may never have had any occasion to doubt it there¬ 
after since they then lived in a community where only a few books 
were read and these were read frequently and with implicit confidence 


ON THE PROPERTIES OF INTEGRAL FUNCTIONS 
WITH BOUNDED VALUES AT A PRESCRIBED 
SEQUENCE OF POINTS i 

BY 

V. GAN APATHI IYER 

One of the important problems in tho theory of Integral Func¬ 
tions is the determination of integral functions with specified values 
at a prescribed sequence of points and the investigation of the order 
and type of such functions. Very few significant results could be 
obtained without restrictions on the nature of the values assigned as 
well as on that of the points where the function is to take these 
values. When the values assigned are bounded and proper restric¬ 
tions are placed on the prescribed sequence of points it is possible 
to obtain interesting results in this connection. In the following 
pages I propose to give a summary of the results and an introduc¬ 
tory explanation of the subject-matter of the following seven papers 
in which I have discussed the above problem in detail .— 

(A) On Integral Functions of order one and finite type (Journal 
of Ihe Iwi. Math. Soc., New Series, Vol. 2 (1936), pp. 1-12). 


t This formed the Introduction to a Thesis approved for the Degree of Doctor of 
Science in the Madras University. 
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(B) On Integral Functions of finite order bounded at a sequence 
of points. ( Ibid ., pp. 53-66). 

(C) Some theorems on Integral Functions bounded at a sequence 
of points. (Proc. Loud. Math. Sue., Series 2, 43 (1937), 63-72). 

(D) A note on Integral Functions of order 2 bounded at the 
lattice-points. (Jour. Load. Math Sue., 11 (1936), 247-249). 

(E) On Integral Functions of finite order and minimal type. 
(Jour. hid. Math. Sue., New Serier, 2 (1936), 131-140). 

(F) On the order and typo of integral functions bounded at a 
sequence of points. (Annals of Math., 38 (1937), 311-320). 

(G) On effective sots of points in relation to integral functions, 
(Trans. Amur. Math. Sue., 42 (1937), 358-365). 


II. A General Account of the Papers 


F(i) be an integral function 
The order p, the lower type 
simply as the type) A(F), are 


1. Definition and Notation. Let 

and M(c, F) - max. |F(.)| for U|<r. 

/(F), the upper type (usually known 
defined by tbo rel itions 

log log M(/\ F). )im log M(r, F) 

log r ' c rp 

When p is finite, F(:) is said to be of finite order. For a given p, 
F(r) is to be of minimal, normal or maximal type, according as 
A(F> = 0, 0<A(F)<co, or A(F) = oo. 


p = lim 


-ji-LogMG, F) =A . (F) 

/--> oc rP 


1-1 Let [-£«] be a distinct sequence of complex numbers having 
their sole limit point at infinity. There is no loss of generality in 
supposing that the numbers [•?»] are arranged according to non-decrea¬ 
sing moduli. We shall speak of the exponent of convergence* of [ 2 *] 
as its order, for shortness. Let <?(z) denote the canonical product 
with simple zeroes at z - n = l, 2, 3, ■ • • ■ Then it is known that 
0 ( 2 ) is an integral function of order p. Let q be the lower bound of 
numbers h for which 

CO 

2 

«=i 

converges. We define the index of distribution (I. D.) of [z„] 
as max. (0, »j). 


«+I 

1 !a'(zn)zn 


* The exponent of convergence of [s„] is defined as the lower bound of numbers A 
for which % |3„1 * converges. 



144 


V. Ganapathi Iyer 


1-2. When z» is real and positive for all n we denote the 
sequence by [A*]. Let n{r) be the number of An not exceeding r. 

If 'i? 1 rt ^ = D, we say that [A«] is a measurable sequence of 

r-)°o r p 


order p and density D. When p = 1, the index of condensation 8 of 
[An] is given by f 


* lim r* log 

»->=c An 


O'(An) 


°° / Z 2 \ 

ii (i - r^)- 

n=I \ An / 


*» / — 

When p¥=l. we denote by 5 (p) the index of condensation of [A«s] 
which is of order one and density D. 


2. Pupers (4) and (B): The problems discussed in this thesis are 
concerned with integral functions which take assigned values [t/»] at 
a prescribed sequence of points [zn], Therefore it becomes necessary 
to consider methods for constructing functions F(a) such that 
= The usual method is, first, to construct an integral function 

<j(z) with simple zeroes at z = zn, w = l, 2,.This is always 

possible by using Weierstrass’s products. Then we find a sequence 
of integers [p«] such that the series 


CO 


2 


•'/" i (z y* 

) 2 - Zn\Zn) 


converges* absolutely and uuiformly for all finite 2 -except at the 
points z - 2 b. Then any integral function F(.?) such that F( 2 »)-j/» is 
given by 


m . fiz) + ^ 

fo) nz> + 2 


(z y« 

I - 2 >1 \2n / 


Un 

. I </(zi>) z ■ 

where f(z) is an integral function to be determined from the 
ties of F(*). When [ 211 ] is of finite order p, we can take 
cal product 0 ( 2 ) for (j{z) in (1) and get 
F(*) 


(1) 


the 


proper- 

canoni- 


- F(2) + f —!--r —(- Y'" 

0 (z) „ =I 0 (z») Z-Zn\Zn / 


( 2 ) 


In (A) and (B), I have considered the problem of determining the 
function f(z) and the sequence [p.] under suitable hypotheses. I 
show in theorem 5 of (A) and theorem 7 of (B) that, if [A*] is a 
sequence satisfying the conditions 


(i) 0<\i<X:.<A»-^co ; 


T For the direct definition of the index of condensation and its properties, see V. 
Bernstein. Series de Dirichlet, Borel Tracts (1933) 22-27. The iniex is never negative 

, . ,, lint , 

and is zero if —- - (A,,-, 

It is always possible to find such a sequence of integers. See, Dienes, Taylor Series 
(Oxford), 294—298. v 
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(ii) [An] is of order p with n(r) t* >0; 

(iii) [An*^] is of finite I. D. where q is an integer given by 

p <, v<p+1 ; 

and if {?>.] denote the zeroes of 

then, [p«] in (2) can be replaced by a fixed integer p>0 and greater 
than tho I. D. and ]{z) b., a polynomial of degree p-1 at most, 
provided the integral function F(:) of order p is ol sufficiently small 
type and is bounded at the points U»]. A similar result is discussed 
in theorem 4 of (B). The conclusions derived from these interpola¬ 
tion formulae in the papers (A) and (B) have been improved upon ip 
the paper (C) but these formulae themselves and the method of esta¬ 
blishing them are frequently referred to and utilised in the remaining 
papers. 

2.1. Paper (('): Here three main results are proved. In theorem 
(1) it is shown that when [r„] is a sequence of order p, 0<p<^, and 
finite I. D. and er(e), the canonical product, is such that A(o)>0, the 
hypotheses (i) E'(c) is of order p, minimal type; and (ii) F(2»)=-0(l) 
imply that ^(s) is a constant. When U»] is replaced by a measurable 
sequence [An] of order p and density D for which <3(p) = 0 the 
hypotheses (i) FU) is of order p with /,(F)OD cot up; and (ii) 
F(A») = 0 (1) imply that F(c) is a constant (theorem 2). Next I prove a 
result valid for all p>0. Let [An] satisfy the conditions (i), (ii) and 
(iii) of § 2 above. Let [««] be tho zeroes of 

/ z*i\ 

( l -^> 

If F(c) is of order p and minimal type and if F(.?») = 0(1) then F(z) 
is a constant (theorem 3). These three are direct generalisations of 
the result suggested by Polya that an integral function of order one 
and minimal type bounded at the points e=±», n = 0, 1,2, • ■ • • , 
reduces to a constant. 

2.2. Paper (D) : Here, I prove that an integral function of 
order two and type less than W bounded at the lattice-points reduces 
to a constant. 

2.3. Paper (E): In this paper, I discuss- a slightly different 
problem. Instead of supposing that the I. D. of the sequences con¬ 
sidered is finite I connect the values [y»] with the sequence [«'(•*■)] 

2 
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which measures the I. D. Let [z»] be a sequence of order p, 0<p<| 
and let A-(<r)>0. Let F(.r) be an integral function of order p and 
minimal type and let 

Xn = max. [ [ r/n 1, 1IJ ^ G)(l) 

Then F(z) is a constant. 

A similar result holds for all p>0 when [z»] denotes the zeros of 
(3) where the condition (iii) § 2 as to the finiteness of I. D. can be 
dispensed with. I prove two other results for functions of order one. 

If [\»], 0<\i <7.j • • • <A»->oo be such that ^ >0 and if the 

function F( 2 ) of order one and minimal type be such that F(A«) = 
0(e~“ A ") for some a>0, then F( 2 )= 0 , the index on condensation of 
[A»] being zero. If F(z) is of order one and typo less than 1(a) where 

’"('-A.') 

and if F(\n) = O ( e ~ aA, ‘) however large a may be, then F(?) = 0, the 
index of condensation being merely finite. 


2.4. Papers (F) and (G): In paper (F) I discuss results similar 
to that in (C) but it is assumed that foT p = 1, the function in ques¬ 
tion is bounded at points lying on the four halves of. the axes of 
reference while for 0<p<l they are assumed to lie on both halves 
of the real axis. The results obtained are correspondingly more pre¬ 
cise. In paper (G), I consider the problem of finding a set [z»] for 
which 


lim 


log|F(z») 


\Hn\P 


-HF) 


lim 

r-}oo 


log M(r, F) 
rP 


where F(s) is any function of order p and type less than d, p, d 
being two finite positive numbers. As a typical example 


lim 

| « + «*[-> OO 


log | F (m+Jn) | 

rr? + r? 


= lim 

r-^oc 


log M( r, F) 
r 2 

m, n= 0, ±1, ±2, • - 


for any function of order two and type less than w/2. 


III. Introduction to the Thesis 


1. The essential properties of a single-valued analytic function 
are determined by the nature and distribution of its singularities. 
An integral function is characterised by the fact that its sole singu¬ 
larity is at infinity; this must be an essential singularity unless the 
function reduces to a polynomial in which case the singularity is a 
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pole of order equal to the degree of the polynomial. Therefore an 
integral function might be regarded as the simplest generalisation of 
a polynomial. 

1.1. The most characteristic property of a polynomial is that it. 
takes any given finite value at n points, n being the degree of the 
polynomial. If a transcendental integral function be regarded as a 
polynomial of infinite degree we should expect that it assumes any 
finite value at an infinity of points. This is, in fact, true with the 
modification that we must allow for the possible existence of a single 
value for which this statement ceases to be true. This is the con¬ 
tent of the famous Picard’s theorem which states that a transcendental 
integral function takes any finite value, save possibly one, at an 
infinity of points. 

1.2. A polynomial of degree n takes a given value exactly n 
times. A similar result can be stated for functions of finite order. 
Let [?„(«)] be the sequence of points where the function F(r) of order 
p takes* the'value a. Let E(u) be the exponent of convergence of 
U«(a)]. Then E (<t) = p except possibly for a single value a for which 
E (a) might be less than p. This resuit is due to Borel. The classi¬ 
cal theory of integral functions is concerned with the generalisation 
and detailed examination of results of this type. 

1.3. It is always possible to determine a polynomial of degree n 
which takes a + 1 given values [//,], 8 = 1, 2, • • * «+l at n +1 pres¬ 
cribed points [,£■*], s = l, 2, • ■ • n +1 and there exists only one such 
polynomial of degree n. The analogue of this result for integral 
functions is that given any sequence [zn] of points and an associated 
sequence [?/„] of values, it is always possible to find an integral 
function F(i) such that F(^») = .v« (II, § 2). But the solution is no 
longer unique. It is possible to find an infinity of integral functions 
satisfying the required conditions. Even if it be required that the 
solution in question should be of appropriate order and type, it is 
not possible to state in general whether such solutions exist and 
even if such do exist whether the solution is unique. But if suita¬ 
ble restrictions are placed on [z»] and [;/»] it is possible to obtain 
significant results in this direction. It is this problem that forms 
the subject-matter of this thesis. 

2. The first significant result in this connection was suggested 
by Polya and proved by TachakalofF and others (theorem A, paper C). 

* Multiple roots of F(s) -a are to be counted according to their multiplicity. 
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It states that an integral function of order one and minimal type 
bounded at the points z- ±n, n = 0, 1, 2, - - - reduces to a constant. 
This result was, in fact, the starting-point of the investigations the 
results of which are embodied in this thesis. A similar result has 
been proved by Polya for functions of order two bounded at the 
lattice-points (paper D). 

2.1. As a first generalisation of Polya’s result, I have considered 

the question of replacing the points l±«] by n general sequence [±X B ] 
0<Ai <\> • • 1 prove that when [±X>i] is of order one and 

finite I.D. (11, § 1-1) and /(o)>0, o(z) being the associated canonical 
product, Polya's result holds when [ + «] are replaced by [±X«], Next, 
I have considered the question whether similar results hold for func¬ 
tions of any - finite order p. The answer is found in theorem ?> (C). 
It is found necessary to consider points lying on iq lines inclined at 
equal angles ir,q t q being an integer given by the inequality p^q<ip +- 1. 
In fact, if [X„] is of order p and [•?«] are the zeroes of 

00 / >-i \ 

where f(o)>0 and |X« 5 *] is of finite I.D , then a function F(<) of order 
P and minimal type such that F(^«) =0(1) must reduce to a constant. 
That, in general, it may not be possible to obtain a significant result 
of this type with less than 2 q lines, is seen if we consider the 
function 

G U) - (Vu>'-V.r, 

•>o 

where «>0 is finite and d>{x) is L-integrabie in (0, a). Here G (.?) is 
an integral function of order one and therefore of order two and mini¬ 
mal type. It is bounded on the positive real axis and on the two 
halves of the imaginary axis; that is, on three lines. Therefore for 
functions of order two, less than 4 ( = 2 q) lines will not give a result 
of the type required. 

2.2. It is well known that an integral function of order less 
than 1/2 exhibits many peculiar properties and behaves more closely 
like polynomials than other integral functions. I have examined 
whether these functions exhibit any peculiarities in connection with 
the properties discussed here. The results are contained in theorems 
1 and 2 of (C). I show that if [z»] is any sequence of order p, 
0</?<4 and finite I.D. while k(a)< 0, then an integral function of 
order p and minimal type reduces to a constant if F(z-«) = 0(1). In 
particular ,jf fX»] is a measurable sequence of order P and density 
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D>0 for which 2(p) = 0 then the above result holds for any sequence 
[zn] for which \z» | =X«. Again when we actually consider the 
measurable sequence [X„] having the above properties, a function 
F(«) of order p and type less than ttD cot up bounded at the points 
z = \ n must reduce to a constant, so that, in this case, we get a 
definite lower bound for the type of functions bounded at the points 
Uii]. These results along with those of the previous paragraph cons¬ 
titute the main advance on the initial result suggested by Polya. 

2.3. It is a characteristic feature of the results mentioned above 

that the exponent of convergence of the sequence where the function 
in question is supposed to be bounded, is not by itself sufficient to 
lead to significant results. We have to suppose in addition that the 
I.D. is finite, and the density is not too small. The I.D. is a rough 
measure of the rate of increase of the sequence 1|1 V(£b)|] which 
governs the relative distribution of the points of the sequence. The 
reason why some such additional assumption is necessary will become 
clear if we remember that, whereas the points at which a function 
takes a given value form an isolated set, the set of all points where 
F(e) assumes one or other of the values of the bounded set [*/»] is, 
in general, not isolated. Let D» — \Zn\ % ' * ] be the set of points 

where F(r)~i/«. What we attempt to do in the problems discussed 
here is to characterize F(e) by the nature of the sequence [r»] 
where in is ' picked out 1 from D». It is evident that an arbitrary 
set [zn], |.n.|-»co, picked out from Di, D_>, • • D», ■ ■ • will not in 
general characterise F(j). The point chosen from D« must be 
representative not only of D» but also of the relative situation of D» 
with respect to the remaining sets Di, D-i, - • • . This proper 1 pick¬ 
ing out' of the representative of each D» may be regarded as giving 
rise to the necessity for some hypothesis on the I.D. or tho index of 
condensation. 

2.4. Again, besides the above properties of the sequence U»], it 

will be seen from the proof of the results mentioned above that the 
maximum modulus curves of the canonical product play an important 
part in the determination of the properties of functions bounded at 
the points [«*]. When the order is less than half this is not effec¬ 
tively seen since there are circles of arbitrarily large radii over 
which the minimum modulus is as large as the maximum modulus. 
But for this is no longer true. That is why we have had to 

assume that the points [«*] are distributed on one or more lines so 
that the maximum modulus curve is effectively determined. 
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2.5. Besides the above results, I prove in paper (D) that a func¬ 
tion of order two and type less than jv bounded at the lattice- 
points must be a constant. In paper (E) I discuss a slightly different 
problem. Instead of postulating the finiteness of the I.D. of [ 2 *] 
I connect the value [y, ] with which measures the I.D. Here 

also I obtain three results (Theorems 1-3 of paper E). Another 
result discussed in (E) is closely allied to a theorem due to Faber 
that for a function of order one and minimal type [F(n)];>f~ <*" for 
any a>0 ani. for almost all positive integers. I show that if [X»] is' 
a positive increasing sequence tending to infinity for which 


Ji5L "M > 0 and for 
r 


vhieh the index of condensation is zero, a 


function F( 2 ) of order one and minimal type cannot satisfy the 
relation F(X») = 0 (e-“M, a>0 unless F(i)=0. If in addition [Xu] is 
measurable and has density D while F(X«) = 0 (c ~ “ x ») however large 
a be, then /r(F)>vD unless F(?)s0. 


3. Finally it may be noted that all the results obtained here 
have, besides their explicit content, a bearing on uniqueness theorems. 
For instance consider theorem 2, paper (C). Let [X n ] be a measurable 
sequence satisfying the conditions of the theorem. Then any func¬ 
tion of order p bounded at [X»] must have its type not less than 
cot *p unless it is a constant which is a trivial case. On the 
other hand, suppose that there are two functions F ( z ) and <f> (z) of 
order p both of whose types are less than n D cot * p. Then if the 
difference of their values at 2 -X» does not numerically exceed a 
finite number, the two functions differ only by a constant. That is, 
there are not essentially two distinct functions with the required pro¬ 
perties. All the other results also can be interpreted in a similar 


manner. 



THE META-DELTOID 


BY 

N. Duuairajan 

1. Intro 

A curve of order four and class three which has the line at 

infinity as a bitangent is a biparabola. [R. 1]. It has three cusps 

and one bitangent. If all the cusps are real, then the points of 
contact of the bitangent are imaginary, if one cusp is real and two 
are imaginary, then the points of contact of the bitangent are real. 
[R. 2.]. The first positive pedal of the biparabola with respect to its 

unique focus is a conic. If the conic be an ellipse, the biparabola 

has three real cusps; if it is a hyperbola, one cusp is real and the 
other two are imaginary; if the hyperbola is rectangular, then the 
biparabola is rectangular or harmonic [R. 1]. The Deltoid or the 
three cusped hypocycloid is a limiting case and may be said to 
correspond to the circle. 


A 



The Meta-Deltoid 
(The position of W is approximate.) 


The Deltoid touches the line at infinity at the circular points. 
If the deltoid is orthogonally projected, we get a biparabola, which 
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has three real cusps and in which the cuspidal tangehts concur at the 
centroid of the triangle of cusps. I propose to call this curve, as the 
meta-deltoid and to discuss some of its properties. A tracing of the 
curve is attached. 


. 2. The notation of the Curt r 

If the cuspidal triangle is taken as the triangle of reference, the 
general equation' of a tricuspidal quartic is [R. 2] 

(!.>) " + (my) ~ + (nz) "**=0 

when the cuspidal tangents concur at the centroid, the equation becomes 


! , -1/, -II, 

.» '-! y _ ' 0 ... ( 1 ) 

or y 2 r’ ! +? 3 r J + ry'-tryz (i +y t = 0 (2) 

The areal tangential equation is 

■ / '4 m '-t it s 0 ... (3) 

or (/ f m + nf - 27 him -0 ... (4) 

or pf = jn p' r ... (5) 


where p gl p l p , />, are the lengths of the perpendiculars on a tangent 
from the centroid and the three vertices. 


The curve is the isotomic transformation of the Steiner in-eonic, 
whose equation is 

r V 3 + w '* + *V*-0 ... (6) 

and which cuts the line at infinity at the points of contact of 
(1) with its bitangent which is a-s-y + z-O. 


3. The position of the fonts 


The foci of (4) are given by substituting l = z-a, m-z-ff, 
n~z-r, where z, a, 8, r are the complex numbers representing the 
focus and the three vertices. [R. 3.] 

(3z-*-&->)* = 27 (z-a.)(z-0)(z-r) ... (7) 


This reduces to a linear equation i.e. there is 
which is given by 


(a+ j3 + y) 3 - 27aflr 
9(a s + + r* -13r - a0 - ra) 


one unique focus, 


t* 

t 


z = 


( 8 ) 
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Remembering that the complex co-ordinate of the centroid and the 
two Hessian points are 


</ = '(a + /3 + r) 

/ J3r + icYa + iu’a/3 
"V a + wd + ury . 

! _ ^ j3y + «) 3 ra + wad 


where 


a 4- u/ 2 d + luy ^ 
is a complex cube root of unity, we get 


'(y + h + hy 


.. (9) 

... ( 10 ) 


Hence the focus, W, is the centroid of the triangle whose corners 
are the centroid and the Hessian points of the triangle of cusps. 
We can write (7) 'll the form 

U-y)M;-*X-- 0 )(---v) ...(11) 


Equating moduli and arguments, we get the following properties 


WG 1 = WA-WB-WC 

L AWG + / BWG + L CWG - 0 mod (2*-) 


... ( 12 ) 
... (13) 


Taking the vertices as origin in succession, we get 
AG 1 = 3o 2 • AW 
BG ! - 3A- • BW 
CG 1 - :W-CW 


AG • BG • CG - 3<r - GW ... (14) 

where <x-GS, S being a focus of the Steiner in-conic. The vector 
GS is given by 

GS - <J + I V 7 ® 2 + /3* + T" - fir - ra - a|8. 


The foci of the Steiner in-conic are given by 


1 


2 - a 


1 

z-& 


+ 



[R. 3]. 


4. The pedal and orthoptic loci 

The tangential equation of the biparabola referred to the focus 
as origin is [R. 1] in rectangular cartesians 

(at + bm){l 2 + m s ) + n(l 2 + pm 2 ) — 0 ... (15) 

When g>0, the curve is a meta-deltoid. The first positive pedal with 
respect to the focus is [R. 1.] 

C*. = x 2 + f/j/ a - a.v -by- 0 


3 


... (16) 



154 N. Durairajan 

The orthoptic locus is the conic 

Co = (.r -ti)[jr(l +/j) ~ 2a] + (t/p -b)[y(\ + p) -W>\ =0 ... (17) 

The two conics are similar. 

5. Miscellaneous Properties 

(i) If PQR be a maximum inscribed triangle in (16), it is well 
known that the circles of curvature at P, Q, R intersect the conic 
again at a £oint W. and that W, P, Q, R are concyclic. The nega¬ 
tive pedal of the ellipse with respect to W is a meta-deltoid whose 
cuspidal tangents are the lines through P, Q, R, perpendicular to 
WP, WQ, WR respectively. The point of concurrence of the cuspi¬ 
dal tangents is W', the point diametrically opposite to W in the 
circle WPQR. 

(ii) If a circle through W cuts the ellipse in X, Z, then the 
lines LX, LY, LZ perpendicular to WX, WY, WZ respectively are 
tangents to the meta-deltoid, intersecting at L on the circle 
WXYZ. 

(iii) Consider the circle of curvature at W to the ellipse. The 
normal to the ellipse at W touches the meta-deltoid at a point, 
which is the centre of curvature of the ellipse at VY 

(iv) The ellipse is tritangent to the meta-deltoid. 

(v) The maximum and minimum tangent-chords of tho meta¬ 
deltoid are parallel to the axes of the steiner circumconic of the 
triangle ABC and their lengths are two-thirds of the lengths of these 
axes. This is easily derived from the property that tangent-chords of 
a deltoid are constant in length and that their orthogonal projections 
are maximum and minimum for lines parallel and perpendicular to 
the line of the intersection of the two planes. 

(vi) The focus W of the meta-deltoid lies outside the curve, as 
two of the three tangents from W to the curve are lines joining it 
to the circular points at infinity. 
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NOTES AND DISCUSSIONS 

A Note On The Nine Points Circle 


THEOREM — If 2 hr a romr mtnibpd in n trimuiU 'in 1 2' flip ron- 
fniul to 2 input a i to tliP enrumi irde <>t the Inniuilr the 
mutual <»tho/)tir aide of 2 "m/ 2 orthnrjomth/ tin 

mnr points (inlp of the tnanqle 

It is well known that in any range (4 line system) of conies 

2a 2 I-X2 =0 

there is in general, a unique member inpolar to a given come locus. 
It follows from this that given any pencil (4 point system) of conics 

Se . St pS' - 0 

we can associate with every member s M of the pencil a unique mem¬ 
ber 2 a of the range such that 2 a 13 inpolar to S/a. Thus the 
parameter A of the range is in homographic correspondence with the 
parameter p ot the pencil. 

Now, the polar circle S of the triangle, the circumcircle, S' and 
the nine points circle S belong to a coaxal system The radical axis 
of the system (together with the line at infinity) is a circle S" 
whose centre is the point at infinity on the line of centres. Thus, 
the orthocentre s, the circumcentre s', the nine points centre s" and 
the point at infinity on this line, say s", are in homographic corres¬ 
pondence with the circles S, S', S 8 But, (tit, s's ')= -1 Hence 
S' is the harmonic conjugate of S" w.r.t. S and S. 

Let 2 ' be the harmonic conjugate ot the absolute conic 2 ' 
(consisting of the pair of circular points at infinity of the Euclidean 
plane) w.r.t. 2 and 2 '• Now, the F-conic of any two conics X, Y 
passes through the points of intersection of pairs of conics like 
X + aY = 0, X -«Y = 0 in the range determined by X and Y. Thus, the 
F-conic of 2". 5"' viz., the director circle of 2 passes through the 
common points of 2* 2’ and is, therefore, the mutual orthoptic 
circle of 2. 2- 

Now, the conics 2 of the confocal system are in homographic 
correspondence with the outpolar members of the coaxal system of 
circles 8. Thus, S, S', S'" are outpolar to 2> 2 * 2'” respectively. 
Henoe S" the harmonic conjugate of S'" w r.t. S and S' is outpolar 
to the corresponding member 2” in the confocal system Therefore, 
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by Gaskin's Theorem the nine points circle S" cuts orthogonally the 
director circle of N" which is the mutual orthoptic circle of 2 > 2 '• 

In particular, if V consists of a pair of points they are a pair 
of foci of 2 and are, therefore, isogonal conjugates w.r.t. the triangle. 
Further, the mutual orthoptic circle of 2, 2 in this case is evi¬ 
dently the pedal circle of the pair of isogohal conjugates. We have 
thus the following extension of Feuerbach's Theorem by Shusakn 
Ogino. {vide Tohoku. Math. Jour. Vol. 43, p. 147.) 

If a pair of isogonally conjugate points u r.t. a triangle are also 
conjugate w.r.t. the circunmrcle , their pedal circle cuts orthogonally the 
nine points circle of the triangle. 

Arinamalaina<t«r, ) K. RANOASWAMI. 

27—11—38. I 


The Twisted Straight Line 

Perhaps the best comment on Narasinga Rao's note (Mathematics 
Student, vol. 6, p. 74) is to point out the simplest application of the 
idea of the twisted line. The two assertions: 

The osrulating plane at any point of an asymptotic line on a sur¬ 
face is the tangent plane to the surface . 

The osculating plane at am/ point of a geolesie on a surface con¬ 
tains the normal to the surface-, 

can both be made without the reservation which careful writers have 
added that the line in question must not be a straight line. In the 
case of a straight line the assertions define the plane which is to 
serve as osculating plane according to the part which the line is 
considered as playing ; there is no contradiction in the fact that the 
plane which corresponds to the one role is at right angles to the 
plane which corresponds to the other role. 

As an example of the use of the first theorem, if the parameter 
of distribution of a generator of a ruled surface is p, the angle v 
between the normal at the central point of the generator and the 
normal at the point whose distance from the central point is r is 
given by tan v=-r‘p. Regarded as an asymptotic line the generator 
therefore has torsion pfr^ + p*), and it follows without further inves¬ 
tigation that the curved asymptotic line has torsion - p (r 2 + p 2 ) and 
that the Gaussian curvature of the surface is -p 2 /(r 2 +p 2 ) 2 . 


Reading, England, 


E. H. Neville. 



Notes and Discussions 


157 


A Note on the Principal Axes of a Conic 

1. The necessary and sufficient condition that the straight line 
whose co-ordinates are (/, m , n) should be a diameter of the conic 
whose areal-tangential equation is 

A/ 2 + B in 1 + Cn 2 + 2 F inn + 2 Gnl + 2 Him = 0, 
is that its pole, i e., the point 

(kl + Hin + Gn, W + Bm + Fn, Gl + Fm hC«), 
should lie on the line at infinity. 

This condition is 

2(A + H+G)/~0 ... (1) 

If, further, the line is a principal axis of the conic it is perpen¬ 
dicular to its conjugate diameter for which the condition is : 

2(A/+ H/tf + Gn)(in - ??) cot ot = 0 ... (2) 

whore x, /3, r ore the angles of the triangle of reference. 

2. Tf the line (/, in, n) is a principal axis of the conic 

A/ 2 + B nr h C/r = 0, 

ttien from equations (l) and (2), above, we see that 

A/: Bin : Cn = M - N : N - L : L - M. ... (3) 

where 

L = (//-/) cot Q - (I - in) col r, 

M ~ (/ - in) cot r - (in - n) cot a, 

N =■ (in - n) cot a - (h — /) cot l3. 

For a system of conics touching four straight lines, taking the 
common diagonal triangle for the triangle of reference, the four 
straight lines have co-ordinates of the form (hi, ±inn, +»») ; and the 
tangential equation of any conic of the system is 

Af- + B in 2 t- C/r = 0, 

2 2 2 

where A / + Bin + Cn =0 ... (4) 

n (i 0 

Hence, if the line (/, m, n) be a principal axis of a conic of the 
system, then from (3) and (4) we see that 

2 UM-m/n -o 

0 

i.e. N fw»«(M - N) == 0 ... (5), 

which is therefore the tangential equation of the envelope of the 
axes of conics of the system. It is of class three. 
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In the particular case, when one conic of the system is a circle, 
its tangential equation is 

2 1 2 tan a = 0. 

Henec from (4) 

2 1' tan a =• 0 ... (6) 

» 

Using (6), equation (5) becomes 

£ 2 1 tan a 2 /f, 111,1 tan a J —0 ... (7) 

Hence, the envelope breaks up into 

(i) the point (tan a, tan /3, tan r), which is the centre of 
the circle and the orthocentre of the triangle of reference ; and 

(ii) the parabola 

2 I 2 7ini tan i =0, 

which touches the sides of the triangle of reference. 

For a system of conics through four points, taking the common 
self-conjugate triangle for the triangle of reference, the four points 
have co-ordinates of the form (in, + i/». *" z <); and the tangential 

equation of any conic of the system is 
A/ 2 + Bm 3 + Cn 2 = 0, 

where t 2 A + y B + z' C-0 ... (8) 

o * n o 

Hence from (3) and (8), the tangential equation of the envelope 
of the principal axes of conics of the system is 

2 4 //(M - N) “0, 

i.e. 2 -r* /(L-M)(L-N) = 0, ... (9) 

<) 

which is of class three. 

In the particular case, when one conic of the system is a circle, 
we have, as in (6), 


2 .r 2 cot a = 0 

o 

Using (10), equation (9) becomes 

£ 2 1 cot ft cot ^ j[ 2 s -2 (l n) J - 0. 


(10) 
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Hence, the envelope breaks up into 

(i) the point (tan a, tan j3, tan y), the centre of the circle; and 

(ii) two points at infinity represented by the equation 

2 •!'(/- Ill)(l - ») = 0 - 

n 

From (ii) we see that if one conic of a four point system is a 
circle, then the principal axes of all conics of the system are 
parallel—a result which follows from the well-known theorem 
"A pair of common choids of a circle and a conic in c equal It/ inclined 
to the principal u.iei of the conic." 

PROF. Watson has obviously made a slip on p. 263, Vol. XXII 
of the Mathematical Gazette, where he states that (ii) is a parabola. 

3. From the above result we see that if the line li + my + nz = 0 
is a principal axis ot the conic 

Ss(«, h, i, /, </, /<)((, i/, t)' 2 = 0, 

then, one conic of the system 

AS - (/i + mi/ + n ;)’ - 0 

must be a circle. 

Therefore 

l<p- (m - n) ! _ h/ -(u - 0" In - (/ - m) 2 
a' If r~ 

ii ii n 

where ]'-b+c~2f, q — c-ia-'Zt/, r=u + b-2h, and iio, In, c„, are sides 
of the triangle of reference. 

£liminating k from the above equations, the co-ordinates (/, m, it) 
of the line satisfy the equation 

( m-nf p a‘ 

(n - If q If 
(/-»i)* r c 3 

which is the tangential equation of the points at infinity on the 
principal axes. 

4, The equation of the principal axes of the conic 



(a, h, c, f, o, h)(x, y, 2) 3 -0, 
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can be obtained in the form 


(Y-Z)~ p a* 
(Z-X) 0 - q lr \ 
(X-Z) 2 /■ 


- 0 , 


where 


X = ax + In/ + (/ 

Y =- li.r + by + j.i. 

Z - </.C + /)/ + Cl. 


For, if r, r, be any point on a principal axis, then one conic 
of the system 

AS - (.<X| + i/Y 1 + = Zi) 2 = 0, 

must be a circle. 

The equation of the axes can also be written in the form 

(X-YHX-Z) q + r-p cot a 
(Y-ZKY-X) r + p-q cot /3 
(Z-X)(Z-Y) p + q-r cot r 

Ceylon University College, I F. H. V. GULASEKflARAM. 

Colombo. / 


0 . 


GLEANINGS 

In mathematics we use many easy words: “group,” “family,” “ring,” 
“ simple curve.” But these ordinary words of English are given a very peculiar 
and difficult technical meaning. In fact here is a booby prhe definition for 
mathematics : Mathematics is the science which uses easy words for hard ideas. 

EDWARD KASNER : Essay on New Names in Mathematics. 
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Two Fundamental Inequalities 


I. If r, p, q be nil positive, then 


?_zl > rtr 1 
p < </ 



II. If r>0 and y 1, then 

(1) m .j”' 1 ( r - l)>.r* - 1 >»/ (.r-1), [w<0, or »/'>!], 

and (2) hi. i” 1 1 (s - \)< ,r m - l<*»t (.r-1), [0<?«<1|. 

The following proofs of these inequalities are based on the 
calculus and are, on that account, less elementary and less funda¬ 
mental. It will be seen that the proofs assume the formula 
(h n i<l,r = n. r" _1 when n is irrational, which is not quite an elementary 
result. But the proofs now become quite easy. 


Proof of I. If ,r>l, then .P 17 ^ 1 for p ^ q. This inequality is 
equivalent to .r p 1 ^ .r*for p f q. Integrating from 1 to .r we have 

'- ' — for /' ^ i/ and .r>l 

If 0<.r<l, then .i p ~ q ^ 1 for /> ^ </. and .r^" 1 ^ .r , '\ Integrating 
from r to 1 since ,r<,l, we have 

l + .r 1 ' < 1-r* 

P > 'I 


Hence 


:P-\ 

P 


> .P-1 

< q 


, for p q and .r<l 


Proof of II. (/) Suppose, in the first place, r>l. Then, for all 
real values of m we have .r m Integrating from 1 to .r we have 

,i m -l . a 1 "' 1 - 1 

> -j- • 

in w - L 


If fn> 1 or m< 0 this gives on multiplication by m(in-l) which 
is positive (m - l)>n/ (.r"' l -l) 

that is, w.r" 1 "’ (.r - 1)>J M -1; 

The "first result of II (1) is therefore proved for *>1. 

To prove the other part of II (1) we note that for x>l, »«> 1, 
w hich, on integration from 1 to x gives x w -l >;« (.r-1); 
and that if x>l, wj< 0, x mM < 1, which gives on integration from 1 to ,r, 

4 
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m 

or .r 1 *-1 >m (;r-l), since w<0. 

Hence in either case .r m - 1 >?h (:r-l), and II (1) is proved completely 
for :r>l. The substitution .y = l/.r, j-> 1, will show that the same 
inequality is true for 0<y<l. The inequality II (2) can be proved 
similarly. 

Lahore. ) VIDYA PARKASH MALHOTRA. 


SOLUTIONS TO QUESTIONS 

Question 1699 

(A. RANGANATHA Rao):—I f O is a given point in the plane of a 
conic S, prove that : 

(i) there exist four points A, B, C, D on S such that the 
directrix of the unique parabola having third order contact with S 
at each of these points, passes through O. 

(ii) A, B, C, D lie on a circle centre O. 

(iii) the circle ABCD is out-polar to S. 

(iv) ABCD is the unique cyclic tetrad on S with centre 0, 
apolar to the feet of the normals from O to S. 

Solution by K. Rangaswami. 

Let o be a parabola having third order contact with S at a 
point P and whose directrix passes through O. One pair of opposite 
vertices of the quadrilateral circumscribed to a and S is the coinci¬ 
dent pair of points PP. Hence the coaxal system determined by 
the director circle of S and the directrix of o has P for a limit point. 

Now, any circle with centre O cuts orthogonally the directrix of 
a ; in particular, the unique circle 2 with centre O and out-polar to 
S also cuts orthogonally, by Gaskin's Theorem, the director circle of 
S. Thus, 2 belongs to the conjugate coaxal system and, therefore, 
passes through the limiting point P of the first system. Hence the 
four points A, B, G, D common to 2 and S are the possible positions 
for P. 
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Further if T be the Steiner parabola of O w. r. t S, then O lies 
on the directrix of I". Henoe the circle 2 is out polar to I\ But 
2 is also out-polar to S. Therefore, the intersection tetrad of 2 
and S is apolar to the contact tetrad of S and P i.e., the cyclic 
tetrad ABCD is apolar to the pedal tetrad of O w. r. t S. 

Also solved analytically by the Proposer. 

Question 1743 

(N. DORAIRAJAN).— If P be any point on the edge CD of a 
tetrahedron ABCD, show that 

(1) the locus of the circumcentre of the triangle PAB is a 
plane nodal circular cubic ; 

(ii) the locus of the orthocentre of the triangle PAB is a skew 
cubic and that it becomes a circle if the lines AB, CD are at right 
angles. 

Solution by C. N. Srimvaswngar. 

The first part is identical with Ex. 12. P. 203 in Hilton s 
Plane Algebraic Curves. The locu3 (i) is evidently a curve lying in 
the plane bisecting AB at right angles. If O be the mid-point of 
AB, and if the sphere on AB as diameter cuts CD in H and K, the 
circumcentre of each of the triangles ABH, ABK is O itself. Hence 
O is a node on the locus. Next consider any line OL perpendicular 
to AB. The plane OL, AB meets CD in one point P such that the 
circumcentre of A ABP lies on OL. Thus OL meets the locus twice 
at O (since O is a node) and once elsewhere. The locus is thus a 
plane cubic with a node at O. 

To obtain the locus analytically, choose O as origin, and the 
points A, B as (0 0, ±ti). The circle with centre at (n, y\, 0) and 
passing through A and B is given by 

■P + y 3 + z 3 - 2j'Xi - 2yy\ - a 3 = 0 ; xi/i - m y = 0. 

By finding the condition that this circle intersects CD given by 

JC v OL 7/ rt y ^ y 

—, = ■—— - -—, we easily get the locus of (xi, y\, 0) in the form 

i in u 

2 (//3- mx){ly- mx^x* + y~) ^(Sc- i(/) 2 + 2A(/3 j;- aj/)(/i/- ntx) + B ( ly-mx )*, 
where A = /a + m(3 + nr, B - a 3 + /3“ + r 5 - « 3 . 

We thus get a nodal circular cubic. 

(2) The orthocentre is the intersection of lihe plane ABP, the 
plane through A perpendioular to BP, and the plane through B 
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perpendicular to AP. As P varies, these three planes evidently form 
three pencils through AB, the altitude from A on plane BCD, and 
the altitude from B on plane ACD, such that there is a (l, 1) 
correspondence between the planes of any two pencils. Hence the 
locus of the orthocentre is a twisted cubic in general. 

Choosing axes etc. as before, the locus is easily found to be 
jr= {a* - (r + nr) i )(a. +lr)-<J 
»/“ + + 

< -r + nr, 

where / i9 the parameter, and <t = (a + //)- + (ft + mi ) 2 . It AB is 
perpendicular to CD, w = 0, and the locus reduces to 

The locus of the centroid of ABP is evidently a line parallel to 
CD. Since the nine-points centre is a point of trisection of the join 
of the centroid and the orthocentre, the locus of the nine points 
centre will in general be a twisted cubic. 


Question 1746 

(MISS S. PANKAJAM):—If i and I/ be any two given integers 
and i an unknown integer, find (o) the integers r 

un h (/>) the number of such values ot / 

tor which 


(i) ( 

£ j is odd , 


Ui) ( 

r) ~ (^r') * 8 ° ( hl; 


(ni) ( 

;Max?ha)u) + - 

• • is odd 


) e t c - are the usual binomial coefficients. 


Solulion bt/ the Propose !. 


(i) We express x in the binary scale so that 
a - 2" + 2" + + • • • to o(a-) terms (in>n>p .>0). 


Now, since (l + «) 2 = (l + « 2 ) (mod 2) 

therefore, (1 + z)* s(l + ( mod 2 ) 

And generally, (1 +«)»'=!+/ (mod 2) 


(I) 
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Hence, 


(1 + ^)- = (l + ^) 2 (1+») J • • ■ (l + ^)» 

in n p 

= (1 + .' 2 Xl + .r 3 )(l + .? s ) (mod 2) 

1H *i m 

- 1 + 2 2 +2- + ■ 


to a(i) terms 


in n m n & 

+ lz 2 ^ t-lz* 12 42 


...(LI) 


(it) It is obvious that the values of i for which Jis odd, are 
the powers of z which occur in II These powers are numbers of the 
form 2 , " + 2“+ ■ ■ i.e. the numbers which are obtained by replacing any 
number ot units by zeros in the expression ot ( in the binary scale. 

(h) The total number of numbers i (including zero) for which 
is odd, is evidently 2°^ l \ where o(r) is the number ot units in 
the expression of : in the binary scale. 

(ii) Let us express i, i/, and r in the binary scale and let 
,\oo, An, Am, Am denote the sets of places in which there are zeros of 
both t and ij. units of both r and ij, un\ts of i against zeros, of if, 
zeros of i against units of >/ respectively. 

Then, irom the torm of the expressions in the binary scale and 
from (i), the following properties are evident 

(1) For (^i (^j .) to be both odd. / has zeros at Aim, Aio, Au. 

(2) For ('.'j odd and even, r lias zeros at Ami, Am, and has at 

least one unit in the set of places Am; and for ) even and 
odd, /' has zeros at Am, Ami, and one unit at least in the set of 
places Am. 

(3) For ( ‘ r (’{ ) to be both even, i must have units either at 
the places Ami or at Am and Am. 

We could now easily find (l>). For, the numoer of values of r 
for which ^ is odd = tlie number for which either ^ or 

is odd, and the other even. Direct application of (2) gives the actual 
result. |jl) and (3) give the number of values of r for which 

( r ) - ( r) i® even ] (<*) cannot be solved in the general case. But 
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if x and y be given numerical values, xi, t/i we can find the actual 
values of r for which ( ~ (jr') is odd. 

(iii) I have been unable to solve this for any general x, and y. 
Question 1750 

(C. N. SRINIVASIENGAR) :—Prove the following properties of 
scrolls:— 

(1) The tangent lines of a scroll at points along a generator 
and at right angles to it generate a rectangular paraboloid, which 
is closely associated with the locus of normals at points along the 
generator; 

(2) the line of striction of either system of generators of these 
paraboloids is a straight line ; 

(3) The osculating quadric along a generator of a scroll always 
touches the scroll “internally"; 

(4) The osculating quadric along any generator of a right 
helicoid is a rectangular paraboloid; 

(5) If at points along a generator of a general scroll tangent 
lines are drawn to the orthogonal trajectories of the curved asympto¬ 
tic lines, these lines generate a quartic scroll having the given 
generator as a triple line. The quartic scroll reduces to a cubic in 
special cases e.g. for a right conoid (excluding the right helicoid). 

Solution by V. Rant/uchnriar 

Take the central point of the generator as the origin of rectan¬ 
gular co-ordinates, the generator as the a:-axis and the normal at the 
central point as the «- axis. The tangent plane at (a, 0, 0) is 
&z*=uy where 0 is the parameter of distribution. The equations of 
the tangent line at right angles to the generator are 

x - u y_ z 

0 j8 u 

This line generates the rectangular paraboloid ,r y-Rz, which is 
evidently closely associated with the locus of normals along the 
generator, viz. xz = -0//. 

The line of striction of the generators 
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of the paraboloid xy^&z is clearly the x-axis. The other system of 
generators is given by 

x y - v _ z_ 

& “ " 0 ~ /' 

whose line of striction is the i/-axis i.e. the tangent line through 
the central point at Tight angles to the generator. Similarly for the 
other paraboloid the two lines of striction are the .r-axis and the 
z - axis. 

All the generators of the rigbr helicoid are parallel to the same 
plane, and hence the osculating quadric which is the limit of the 
quadric through three consecutive generators is a paraboloid. The 
right helicoid being a minimal surface, the given generator is at 
right angles to all the other inflexional tangents to the surface at 
points along the generator. Hence the osculating quadric is a rect¬ 
angular paraboloid. It may be noted that since the right helicoid is 
the only real ruled minimal surface, it is the only ruled surface for 
which the osculating quadric along an arbitrary generator is a 
rectangular paraboloid. 

Taking the line of striction of the generators of a scroll as the 
directrix, the equation of the scroll is R - r + wd, with the usual vector 
notation. Using Weatherburn Differential Geometry Vol. I, Art. 73 
and Art. 24, Ex. 1, the curved asymptotic line cuts the generator at 
an angle 1 given by the equation 

tan if Am’ + Bu + C - cos 0 

where 

2AD = [d, d\ d"), 2BD= k [d, d', n] + [d, t, d"J, 2CD = x fd, t, n) x and n 
being the curvature of the line of striction and its unit principal 
normal, the rest of the notation being as in Weatherburn. We know 

further that /3 = -«• = ± ^ n - ^ , and hence 
a a 

H*-a»»* + Bin*0-a»(«i*+/J J ). 

Taking now the co-ordinate axes as before, the equations of the 
tangent line perpendicular to the curved asymptotic line are 

x-u _ y _e _ 

tan WW + m /3 u 

This generates the quartic scroll 

(xy - &)[ Aj3*z f + B&yz + {C - cos 0)y*J = a&y^y* r z ’). 

For a right conoid, the double line is the line of striotion and ie at 
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right angles to all the generators. Hence, 6 = ^/2, k = 0, and therefore 
C~0, A~0. The quartic now degenerates into the cubic scroll 

- Hz) = ui/Or + ~- 3 ) 

and the plane i/= 0. 

Solution hi/ tin' Prn/ioser 

Consider a given generator t “constant on the ruled surface 

.<• = /((>’) + «/(/), if = i](r) + ii in(r), » = >•(() +«it(e). 

At any point along this generator the equations of the tangent line 
to the surface, in the direction determined by tlu'<?i' = al Hn + rir, where 
a, /3, y are functions of i i.e. constants for the generator, are 

_ ,<• - /) - nl _ t/ - q - uni z - r - nn_ 

p' + u!' + /(a + fin + Vu 2 ) q + uni + 711 ( 0 . + Hu + Vu 2 ) r + tin' + ?/(a + Hu + V» s ) 

We can eliminate u between these equations by putting each ratio 
equal to 1 p, and solving for p, u, and a + Hu + iw 2 + p»- We will 
obtain a quadric surface whose equation is of the form 

R(K+rR) + Q(/3R + <xQ-P) = 0 ... (a) 

where P, Q, R are linear functions of .r - p, y-q, z - r and where k 
is a constant which does not vanish for a non-torsal generator. 

Equation (a) determines <m cu'' of quadrics (as a, H, v vary) all of 
which touch the qiicn scroll throughout the length of the given generator. 
A particular case is when a, H, r correspond to the second inflexional 
tangent at the point («, v). The quadric obtained in this case is the 
osculating quadric whose distinguishing property is that the contact 
with the scroll along the generator is everywhere of the second order. 

Consider now the tangential direction at right angles to the 
generator v- constant. For this direction du/dv = - F E, so that 
/3“0, y = 0. r lhe quadric (a) now becomes a paraboloid. If the 
generators of this paraboloid at right angles to the given line be 
rotated about it through a right angle, they become the normals to 
the scroll along the given generator. 

One of the lines of striction of the paraboloid is evidently the 
given generator. I have elsewhere* given the result : if the line of 
striction of one system of generators of a quadric be a straight line, 
the same is tiue about the line of striction of the other system; 
further the surface is a rectangular paraboloid i.e. its section at 
infinity consists of two lines conjugate to the circle at infinity. 

* Bull. Calcutta Math. Soc. 28 <1936), 51. 
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Consider next r.ie orthogonal trajectories of the curved asymptotic 
lines. If a, )8, r take values corresponding to the curved asymptotic 
line at (u, v), then for the orthogonal trajectory we have 

djL _ F{a + |3u + Yt r)+ G = U} + b t u + '}U~ 
riv E(a + [iu + nr ) + F u 2 + b 2 a + c s « a 

where an m etc. are functions of i\ Eliminating 11 from the equations 
of the corresponding tangent by adopting a method similar to that 
used for getting equation (a), we get 

Q=(«i Q 2 4- b\ QR + c’iR 3 ) = (PQ - KR)(o:Q ! + b<QR + CjR'k 
This leads to the property (5) in the problem. The quartic scroll 
reduces to a cubic when r^O i.e. when ci-cs-O, in particular for 
the general right conoid. 

To prove (3), choose .<• — 1 / = 0 as the generator, so that the equation 
of the scroll is 

2(au-< : + «i?/) + (ax 2 + t'l/- + 2 fyz + i'jix + 2 li.i i/) + higher terms - 0. 

At any point (0, 0, X) the inflexional tangents are given by 

,r(at> + ;/X) + //((«! +/A) = 0 ; u.r + l»f + i.ry + 2 fu(z - A) t 2 tjx(z -h\)~ 0. The 

osculating quadric is therefore 

2(«o.c + <i\u) +■ («.r" + btf- + Ij'tjz + 2;/.s x + 2 hxy) *- 0. 

For given plane parallel to the tangent plane and close to it, 
the indicatTices of the scroll and the. quadric are identical. Hence 
the surfaces touch internally* (4) follows from the same property as 
was used to prove (2). The right helicoid being a minimal surface, a 
given generator is a line of striction of the osculating quadric along 
it. Hence the quadric is a rectangular paraboloid. 

* For the meaning of, and conditions for internal and external contact between two 
surfaces, see my article in Math. Student 4, 68-71, also A. Narasinga Rao, Ibid, 71-77. 
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R. LAMBERT: Structure Generate des Nomogrammes et dcs Systemes Notito- 
graphiques 1937 PP- 64, 15 francs (Act. Sc. et Indust. No. 493, Hermann et Cie ) 

P. Luckey : “ Nomographie ”: Practical Guide for the Design of Graphical 
Calcidators, 3 rd edn., 1937. pp. tog. (Math.-Phys. Bibl. I, Bd. 59/60. Paper 
covers, R. M. 2. 40) 

The titles of these books give an indication of thtir complementary 
nature. In the first, though it is well illustrated, the only examples of a 
practical nature are two which concern finance and are taken from d’Ocagne’s 
works. In the second, besides sketches for the theory, about 25 problems 
are solved by fully worked nomograms, several of them in more than one way, 
and these, save one for compound interest, are concerned with physics and 
engineering. 

In a preface to the first d'Ocagne points out that it is a study in the 
morphology of the nomogram, and says that the most original part of the 
work is the investigation of nomographic systems. “ Resolving these neces¬ 
sitates the use of adjustments. By a discriminating and systematic treat¬ 
ment the author succeeds in simplifying and facilitating these adjustments 
This work should be followed by a number of others of the same type, 
by different writers, to expound the various processes, both mechanical and 
graphical, by which numerical calculations can be simplified and expedited.” 
The fundamental ideas used are contact and degrees of freedom, and for a 
final classification and enumeration of the systems combinatorial methods 
are employed. This shows the possibility of relating the teaching of nomo¬ 
grams to the study of a type of Algebra more enlightening than that to 
which students are usuallv introduced. The viewpoint here involved may 
be illustrated by saying that alignment is the simplest case of a superposable 
plane, and that a dummy axis involves two superposable planes. 

It may be of interest to analyse the references given at the beginning 
of Nomographie . These are all in German, save for three of d’Ocagne’s 
works which are excluded here, as well as six for which details are not given. 
The frequency distribution then according to sLe is 

Number of pages 50 100 150 200 

Frequency of books 247 33 . 

This may give some idea of the part nomograms have played in German 
education and practice since 1918, when the earliest of these 19 volumes was 
published. Further references are given to German journals and to one 
Italian journal, and also to special German publications for nomograms used 
in chemistry, steel and machine construction, electrical work radiation techni¬ 
que, and aviation, artillery and defence problems. 

The opening paragraph of the book, on functional scales from “stream 
and stress measurements ", may be somewhat sophisticated for ordinary 
students and profoundly suspect with the scholar, but the theoretical aspect 
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of the subject is not at all neglected. Complaint might be made that the 
treatment of parallel scale nomograms gets into difficulty over the distances 
between the scales (so that each of the four practical nomograms of this 
type given has the middle scale exactly midway between the others 1), and 
there may be a touch of opportunism about the suggestion on page 35 that 
as functional scales can be taken on the axes of Cartesian diagrams so they 
may be taken where convenient on any geometrical figure; but on the whole 
theoretical considerations are set out clearly enough. The author waxes 
almost lyrical over the qualities of alignment nomograms, though he does 
preserve his balance. One wonders that he does not feel the heavy over¬ 
loading of the scales in his nomograms with numerals (on p. 67 elaborate 
numbering of a scale is repeated on the other side of the line); not trusting 
to the size of graduations for identification tends to obscure the character 
of the scale and the general numerical relations shown by the diagram as 
a whole. The treatment includes the general slide rule, and in the final 
chapter a functional scale is made to slide in any wav over a diagram, this 
being a particular case of the use of sliding sheets, with an elaborate exam¬ 
ple of which involving seven variables the book concludes. The only omission 
noticed is the use of triangular rulings, which arise out of the theoretical 
treatment in Lambert’ 5 hook. 

Both these books would be of considerable help, each in its own way, 
in a real reconstruction of mathematical courses such as is needed. 

John Maclean. 


G. H. Hardy and E. m. Wright: An Introduction to the Theory of 
Numbers. Oxford University Press (1938) 400 pages. 25 sh. 

One can count on one’s fingers the number of books on the Theory of 
Numbers in the English language, and hence any new book on the subject is 
very welcome. When it comes from the hands of such an authority on the 
subject and inspiring writer as Professor G. H. Hardy, with the collaboration 
of Professor E. M. Wright, an expert worker in the field, every student of 
Number Theory mil be simply delighted. Besides, this work has many features 
which secure for it a unique and prominent place among books on the subject. 

The book is the outcome of lectures delivered by the authors in various 
Universities and offers an introduction to almost all the branches of Higher- 
Arithmetic. By easy stages, the authors take the reader through various 
regions here and there giving glimpses of the many majestic peaks of the 
Number Theory, conquered or yet to be conquered. Whenever there is an 
opportunity, readers are taken on excursions to the allied fields of interest. 
The Chinese game of Nim, Bachet’s problem of the weights, the construction 
of the 17-sided polygon, the Konig-Szuc's problem on the path of rays reflected 
on the sides of a square, etc, are discussed in detail. There is a digression even 
on a historical puzzle in one place. The book abounds in unsolved problems 
of intense interest. When the authors give here and there big numbers, saying 
“This is the greatest known prims ’, ‘ this is the greatest number proved to be 
composite, but whose factors are unknown ‘ this is the value of p (14031)’ and 
so on, it produces a thrill in us. 
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Another interesting feature of the book is that several different proofs of 
varying interest are given for many important results, one result receiving as 
many as four different proofs. When an alternative proof requires an 
acquaintance with a different field, the authors take the trouble to develop the 
relevant portions of the alien field also. 

Each chapter contains notes at the end, giving references to original 
sources, further developments in the topic, and sometimes a summary survey 
of the frontiers of the field, At the end a list of books for further reading and 
an index of special symbols and terms aTe also given. 

The following rough summary of the contents of the book will give an idea 
of the variety and richness of the ‘programme’. 

Three Chapters (I, II, XXII) are devoted to the study of prime numbers. 
The main topics considered are the fundamental theorem of Arithmetic, 
Tchebychef’s results on the order of the number of primes, Merten’s theorem 
on E I //> and the numbers of Fermat and Mersenne. 

In Chapter III, the properties of Farev series and Minkowski’s theorem on 
the number of lattice points in a closed curve are established. Chapter XXIV 
contains proofs for three theorems of Minkowski concerning sets of « linear 
forms in « integral variables with real coefficients. 

The authors devote chapters IV, X, XI to the study of irrational numbers 
and continued fractions. In Chapter X, elementary properties of simple 
continued fractions (periodic and nonperiodic) are investigated. Further, it 
deals with ‘equivalent numbers', the series of Fibonacci and Lucas, and 
approximation by convergents. In Chapter XI, orders of approximation, the 
existence of transcendental numbers, the transcendence of e and it, and some 
theorems on continued fractious with bounded quotients are discussed. 

Chapters V, VI, VII, VIII are concerned with congruences and residues. 
They contain proofs for theorems of Fermat, Wilson, Lagrange, Von Staudt, 
and Leudesdorf, the law of quadratic reciprocity, and Bauer’s identical 
congruence; and their consequences. 

Besides the usual discussion about the representation of numbers by 
decimals, Chapter IX contains ‘ tests for divisibility, certain interesting 
irrational numbers represented by decimals, some theorems on numbers with 
missing digits, and results on normal numbers.’ 

The study of quadratic fields occupies Chapters XII, XIV and XV. The 
fields k (/) and k ( p) are studied in detail, and a few other fields are also 
considered in short. The fact that unique factorisation theorem is not 
universally true is clearly brought out. The finitude of ‘ Euclidean ’ and 
‘ simple ’ quadratic fields is discussed and settled when the proof is easy. The 
prqof for Lucas’ test for the primality for the Mersenne number, M<»+a 
is also given. 

In Chapter XIII the authors consider the Fermat’s equation x"+y“=s“, 
when tt= 2, 3 and 4. Richmond’s theorem on the expression of a number as the 
sum of rational cubes is proved, and the equation ‘ *’+/ = «* +if’ is completely 
solved, 
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In Chapters XVI, XVII, XVIII, the well-known arithmetic functions 
<p(n)< /*(*)> d(n), «(n), r(n) etc. are considered. Their generating functions, and 
their maximum, minimum and average orders are investigated. Many well- 
known identities including Ramanujan’s are given. The multiplicative pro¬ 
perties of the sums of Gauss, Ramanujan, and Kloostermann are established. 

The theory of Partitions is considered in Chapter XIX. Several well- 
known indentities in the theory due to Euler, Jacobi, and Roger and 
Ramanujan are ptoved. Certain congruence properties of the partition 
function due to Ramanujan are also established. 

Waring’s problem and the related topics form the subject-matter for 
Chapters XX and XXI Chapter XX contains three of the four proofs given in 
the book for the theorem on the expression of a number as the sum of two 
squares, and three proofs for Lagrange’s theorem on four squares. In 
Chapter XXI, upper bounds for ^(3) and g (4), and lower bounds for g {k) and 
G (£) are evaluated. Further the function v (k) (for the sums affected with 
signs) and Tarrv’s problem are alsc discussed. 

Chapter XXIII deals with Kronecker’s theorem on the simultaneous 
approximation of given irrationals to arbitrary numbers. 

The book does not demand any great mathematical equipment on the 
part of the reader. From the Indian standpoint one can say that any intelligent 
mathematics graduate will be nhle to understand almost the whole of the book 
without outside help, while about threefourths of the brok will be intelligible to 
a student of a degree class, having aptitude for mathematics. 

The book is an intensely fascinating and very inspiring one. There is no 
doubt that it will inspire numerous youngmen to become ardent devotees to 
the ‘queen’ of the ‘queen of all the sciences’, and stimulate the interest of 
workers already in the field. Hence it is superfluous to say that every college 
library should possess at least one copy of this book of extraordinary charm. 

The printing and get-up are attractive. I was able to note only one 
misprint: page 203, ‘ 2 / ’~ 1 s0 ' instead of ‘ 2*’" 1 s : l '. 

I wish to draw the attention of the authors to one or two minor points. 
Out of the four symbols borrowed from formal logic, apart from the symbol 

‘_^ the other three are used only in a dozen places or so. In view of the 

fact that keeping the number of new symbols at its minimum will be conducive 
to the easy reading of a book, I venture to suggest the omission of the above- 
mentioned three symbols in the future editions of the book. 

The other suggestion is a general one. Is it not against the spirit of 
Mathematics to continue to call theorems by wrong names even when it has been 
established that they are wrong ? If all the authors of books in Mathematics make 
up their minds to rectify the mistakes in current names of results, everything 
may be set alright in a few decades. Why should not authors rename in their 
books ‘ Farey series ‘ Pell’s equations ‘ Cardan’s solutibn ’ etc., at the cost of 
temporary inconvenience, and, act up to the spirit of the ‘exact science’? 


S. S. PlLLAt. 
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Milne Thomson: Theoretical Hydrodynamics. Macmillan Co. London 
31 16 net. 

This book on Hydrodynamics by Prof. Milne-Thomson is a welcome 
addition to the small number of comprehensive treatises on the subject now 
available in English, especially in view of its several distinguishing features. 

The treatment is based exclusively on vector methods and notation; the 
advantage of their use in deriving the general equations and in economising 
space besides giving a better physical insight into the phenomena discussed 
is specially seen in the chapters dealing with the Equation of Motion and 
Viscosity. And a very extensive use is made of the complex variable for 
the discussion of various problems of fluid motion. 

One of the earlier chapters is devoted to the properties of vectors which 
are introduced without any reference to systems of co-ordinates, the subject- 
matter being arranged in such a wav as to help those to whom vector mani¬ 
pulation may be unfamiliar. Again there is a chapter dealing the theory 
of functions of a complex variable up to contour integration and conformal 
representation. Thus in respect of the mathematical apparatus required, 
the book is fairly self-contained. 

Two dimensional motion occupies some nine chapters in the book, separate 
chapters being devoted to general properties, streaming motion, aerofoils, 
sources and sinks, moving cylinders, Schwarz-Christoffel theorem and 
applications, jets and cuirents, and the wake behind a cylinder. One conse¬ 
quence of this arrangement is that allied problems come under different 
heads and could be discussed as illustrations of different methods. For 
instance, instead of treating all elliptic cylinder problems with the help of 
elliptic harmonics chosen to satisfy the necessary boundary conditions, 
streaming motion past an elliptic cylinder is obtained from the case of a 
circular cylinder by a Joukowski transformation, and the result translated 
into elliptic co-ordinates for the purpose of easy description of the flow; 
while the complex potential for a moving elliptic cylinder is obtained by a 
simple application of Morris’s general method which is applicable whenever 
the co-ordinates of a point on the cross-section of a cylinder can be 
expressed in terms of a parameter. Here as elsewhere in the book is in¬ 
corporated some account of recent work e.g. generalisations of Blasius’s 
formula and Kutta-Joukowski theorem, 

The chapter on the Wake includes an account of Levi-Civita’s method of 
determining the flow past an obstacle, making this elegant method available 
for the first time in an English book Two dimensional wave motion, which is 
the subject of chapter XIV, is all based on Cisotti’s equation satisfied by the 
complex potential for waves of small height. There is a departure from the 
traditional presentation in the treatment of the motion of spheroids, Taking 
account of axial symmetry, the motion is studied with the help of the complex 
variable by means of the transformation x + tu> ~c sinh £ and x + iuo~c cosh £ 
for the cases of the planetary and ovary spheroids. The quadratic trans¬ 
formation x + iw-d * similarly gives the motion of a paraboloid of revolution. 

In the traditional formulae giving the motion of the Ellipsoid, there is 
the unnecessary occurrence of the number 2 which is due to the notation 
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employed. This is easily avoided if the notation is slightly altered by taking 
a, etc. to represent half their usual values so that a 0 + & + t„ = 1; and the 
formulae gain considerably in appearance. 

It is stated in the preface that the book has grown out of the author’s 
lectures to classes in the Royal Naval College The range covered is that 
usual in the introductory text-books, including chapters on Vertex motion and 
Viscosity. The exposition E clear and methodical, the needs of the student 
being borne in mind throughout. The book contains numerous illustrative 
diagrams and there are over 500 exercises collected into sets of examples at the 
end of each chapter. For easy reference, a detailed table of contents and a 
complete index are provided. 

The book is thus assured of success as a text-book—though the price 
31 s. 6d. is rather forbidding. 

T. S. N. 


Maurice Curie et Maurice Frost: A ccessuirr Miithematique, Herman Fils, 
1937 ; pp. 116 ; Actualitcs Scientifiques et industrielles No. 5 °- Price 20 fr. 

The University of Paris offers a one year course for the award of a 
' Certificat d’Etudes Physiques Chimiques et Biologiques' (briefly P. C. B.), 
this certificate being demanded of those who seek admission in the Faculty 
of Medicine. The revised programme of the P. C. B. presupposes a certain 
level of basic “ Necessary Mathematics ” which this book seeks to provide. 

The book is intended also to provide the “ necessary mathematics ” for 
the S. P. C. N.—‘Certificat d'Etudes Superieures Physicpies Chimiques et 
Sciences Naturelles.’ The level of mathematical equipment for this is some¬ 
what higher and accordingly the additional matter intended for this course is 
printed in slightly smaller type. For example, the addition formulae trigono¬ 
metric functions, the derivates of inverse functions, and many of the proofs 
appear in small type. 

In order to make the unpleasant mathematical pill palatable for the 
P. C. B. there is often an appeal to intuition in preference to a rigorous proof. 

The several chapters deal with Algebra up to the solution of the quadratic, 
Trigonometry, graphs, calculus (Differential and integral including Maclaurin’s 
Theorem and areas and volumes) and differential equations. There are 3 
appendices dealing with small errors, probability and with dimensions in 
physical quantities. 


A. Nakasinga Rao 
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Tsurusaburo TAKASU : Differentialgeometrien in den Kugelraumen, Bd. I 
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ANNOUNCEMENTS AND NEWS 

Mr. Sulaiman Mahomed Kcrawala, m.a, (Cantab.) Lecturer in Mathe¬ 
matics, Muslim University, Aligarh, has been elected a life member of the 
Society. 

Mr. C. T. Rajagopal, M.A ., 1 Lecturer, Madras Christian College, has been 
elected a member of the Society. 

The Hyderabad Conference in December 1939 

An invitation to conduct the Eleventh Conference of the Indian Mathe¬ 
matical Society at Hyderabad (Deccan) on the 21st, 22nd and 23rd of December 
1939 has been received from the Osmania University and accepted by the 
Society. The loth session of the All-India Oriental Conference meets also in 
Hyderabad at the same time (20th to 23rd December) and the social functions 
and excursions of the two conferences will be arranged in common. 

An influential reception committee has Ijgen constituted with the Pro- 
Vice-Chancellor of the Osmania University as Chairman. The local committee 
which will be in charge of the’arrangements regarding the Conference session 
consists of Dr. M. R. Siddiqi, M A., Ph.D. (Chairman), Mr. Khaja Mohi- 
nuddin, M.A.hnd Mr. Venkatachari, m.a. 

The following programme has been provisionally fixed: 

Thursday 2 lst December — 

Forenoon: Opening ceremony, and the inaugural addiess. 

Afternoon : Symposium on Generalised Geometry (including Relativity 
and Field theory); Popular lecture. 
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Friday 22nd December — 

Forenoon: Reading of papers. 

Afternoon : Symposium on Waring’s problem ; Popular lecture. 
Saturday 23rd December — 

Forenoon : Reading of papers. 

Afternoon: Business meeting; Discussion on the Teaching of Mathe¬ 
matics ; Popular lecture. 

Those wishing to contribute papers to the Conference are requested to send 
them along with 2 brief abstracts of each to A. Narasinga Rao, Annamalai 
nagar so as to be received by the middle of October. 

The 27th session of the Indian Science Congress will be held at Madris 
from the 2nd to the 8th January 1940. Prof. A. C. Banerji, Head of the Mathe 
matics Department, Allahabad University, Allahabad, has been nominated to be 
the President of the Mathematics Section. Papers should be sent to the 
General Secretary, Indian Science Congress Association, 92 Upper Circular 
Road, Calcutta, so as to reach him by the 15th September 1939 along with 3 
typed abstracts of each. 

The third session of the Indian Statistical’ Conference wii/ meet in Mysore 
on the 4th and 5th January 1940. 

Mr. S. Subramaniam, M.A., Lecturer in Mathematics, Annamalai University, 
has been appointed Statistician to the Economic adviser to the Government of 
India in place of Dr. P. V. Sukhatme, M.A. Ph.D. (London) who has accepted 
the post of Assistant Professor of Vital Statistics in the All-India Institute of 
Public Health and Hygiene, Calcutta, 


QUESTIONS FOR SOLUTION 

1770, (3D. R, Kaprekae)— The fraotionB 1/487 and also l/(487) 4 
when expressed as decimals have the same number of recurring 
figures namely 486. Required to find all numbers N such that 1/N 
and 1/N 3 have the same number of recurring figures in their decimal 
representation. 

1771. (KAIKOBAD F. VaKIL)—T aking the given number 
87,781,456, 166, 601, 770 as step number zero, find after what number 
of steps we shall get a perfect square by adding to it 50, 952, 413, 380, 
206, 183 ; 50, 952, 413, 380, 206, 185 ; 50, 952, 413, 380, 206. 187; etc. 
successively which are in A.P. with a common difference 2. 
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1?8 ^traSTIONS FOB SOLtmOlT 

e.g. 37781456166601770 Step Number 0, 
50952413380206183 

88733869546807953 ... (1) 

50952413380206185 

139686282927014138 ... (2) 

50952413380206187 

190638696307220325 etc. ... (3) 

1772. vB. R. VENKATARAMAR)—C. (»'-l, 2, • • . 4) are 4 circles 

in a plane and S. (* = 1, * • • 4) are the four circles which are 

respectively orthogonal to sets of three circles chosen from C«. If 
the inverses of a point P w. r. t. the circles Ci are concyclic, prove 
that the inverses of P w. r. t. the circles S. are also concyclic. 

1773. (G. V. Ramachandran and B. RAMAMURTl)— /i h h h 

are four straight lines in a plane. L« is the point of intersection of 

the lines lr h. If P be any point in the plane show that 

(1) there is a conic 2 touching the four lines, for which 

PL 21 , PL-a and PLji, PL 31 form two pairs of conjugate lines 

(2) the points P and Ln are conjugate with respect to 2 

(3) If PQ, PR be any pair of conjugate lines of 2 

P(QLisRL 34) = P(QLis RW 

(4) Given the pairs of points A 1 A 2 , As A* and another point P 
all lying in a plane, the pairs of lines PQ, PR Buch that 

P(QA, RAs) =P{QA 3 RA*) 

are conjugate with respect to a fixed conic 2 touching the lines Ai Aa, 
AiAi, A 2 A 1 , AsAt. 

1774. (S. S. PlLLAl)—n beads are connected in the form of a chain 
by means of n — 1 links of which r are detachable. By removing at 
most t of these detachable links at a time, we should be able to form 
groups containing any number of beads from 1 to n. Let f(t, ») 
denote the least value of r so that the above may be possible. It is 
easy to see that 

/(1, n) = [{n + l)/2] and f(t, n) = t, when ? = [(log n)/(log 2)] + l. 

What is the value of /(/, ??) for intermediate valued of t ? 
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Remove the first 5 sentences 

of § 3 (ending with 


the wordB “Circular points at infinity”) and 
replace them by the following : 


“ Any two concurrent tetrads of the Miquel-Clifford 
configuration have 2 circles ip common. Let P 
and Q be the limiting points of the coaxal 
system they determine. The two cyclics asso¬ 
ciated with these tetrads hav e in common as 
we have seen, the 18 points of the configura¬ 
tion and also P, Q. Hencq they must be 
identical." 


t Read “Ninth line from the bottom of the page,' 




